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ultrafast dynamics and phenomena either in perturbative or non-perturbative
regimes.[3–8] Therefore, it has been a unique
ab initio quantum method applicable for
the exploring of strong ﬁeld physics beyond
linear response theory, for instance, high
harmonic generation [9,10] and ultrafast photoelectron emission.[11]
Recently, the scope of rt-TDDFT applications has greatly extended from treating isolated atomic and molecular systems to condensed phase materials. In most previous
works, numerical implementations of rtTDDFT that aim at handling solid materials
were built on real-space grids,[12,13] including some well-known program packages
such as OCTOPUS[9,14] and SALMON.[15,16]
Real-time TDDFT has also been implemented in plane wave codes, for example, the ELK FP-LAPW[17] and FPSID,[18]
whose encouraging results have shown the
eﬀectiveness of the rt-TDDFT approaches.
However, if one is interested in high energy excitation that is on the energy scale
of tens to hundreds of electron volts (eV),
extremely dense real-space grids and high
kinetic energy of plane waves are indispensable. Meanwhile, to
describe a system with Na atoms, 103 to 104 × Na real-space grids
or plane waves have to be used, which makes the simulation of
large-size systems impractical using computer resources available at the present stage. The above two factors will signiﬁcantly
increase the computational cost and in turn limit the practicability of the rt-TDDFT methods.
Here we introduce a real-time ab initio approach based on local atomic basis for simulating electron-nuclear dynamics under laser excited conditions. This approach has been successfully
implemented in the time-dependent ab initio package (TDAP)
within the framework of density functional theory (DFT) and
time-dependent DFT (TDDFT).[19,20] We use local atomic basis
sets and real-time propagation of wave functions for solving the
time-dependent Kohn–Sham (TDKS) equations, which endows
our approach several advantages over available approaches, as
discussed below.

An eﬃcient and state-of-the-art real-time time-dependent density functional
theory (rt-TDDFT) method is presented, as implemented in the
time-dependent ab initio package (TDAP), which aims at performing accurate
simulations of the interaction between laser ﬁelds and solid-state materials.
The combination of length-gauge and velocity-gauge electromagnetic ﬁeld has
extended the diversity of materials under consideration, ranging from low
dimensional systems to periodic solids. Meanwhile, by employing a local
basis presentation, systems of a large size are simulated for long electronic
propagation time, with moderate computational cost while maintaining a
relatively high accuracy. Non-perturbative phenomena in materials under a
strong laser ﬁeld and linear responses in a weak ﬁeld can be simulated, either
in the presence of ionic motions or not. Several quintessential works are
introduced as examples for applications of this approach, including
photoabsorption properties of armchair graphene nanoribbon, hole-transfer
ultrafast dynamics between MoS2 /WS2 interlayer heterojunction,
laser-induced nonthermal melting of silicon, and high harmonic generation in
monolayer MoS2 . The method demonstrates great potential for studying
ultrafast electron-nuclear dynamics and nonequilibrium phenomena in a wide
range of quantum systems.

1. Introduction
Real-time time-dependent density functional theory (rt-TDDFT)
approaches, wherein the electron density is propagated in real
time through numerical integration of the time-dependent
Kohn–Sham (TDKS) equations, receive intensive interests recently in the research frontier of laser–matter interaction.[1,2]
The rt-TDDFT methods could provide directly time-domain evolution of electronic wave functions together with ionic movements, representing a versatile way for real-time tracking of
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I. The adoption of overwhelmingly eﬃcient atomic orbital basis sets, which are small in size (10 × Na) and fast in performance, enables the simulation of either periodic systems
or a ﬁnite-sized supercell with a large vacuum space without heavy computing cost, while maintaining a relatively
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tronic and nuclear steps and forces calculated from meanﬁeld theory, oﬀering a direct microscopic picture on ultrafast
dynamics of electrons and nuclei upon photoexcitation.
IV. Thanks to the development of the momentum (k) resolved
rt-TDDFT algorithm, calculations of solids and surfaces
can be performed by using a rather small unit cell, having reduced computational cost by several orders of magnitudes. Moreover, k resolved excitation dynamics are observed, showing the necessity and importance of the approach to reveal detailed mechanisms at the atomic level.

Figure 1. Elapsed computer time for evolving 40 fs electron dynamics
in the time evolution calculation of Ag6 , Ag20 , Ag55 , and (10,0) carbon
nanotube from OCTOPUS (black) and TDAP (red). The insets show the
schematic atomic structures.

high accuracy. In Figure 1, we show the computational efﬁciency for calculating the optical response of metallic clusters Ag6 , Ag20 , Ag55 , as well as that for a complex semiconducting material, capped (10, 0) carbon nanotube (dangling
bonds are saturated with hydrogen atoms, yielding a C200 H10
tube) using the real-grid code OCTOPUS and the TDAP
code. Within the real-space TDDFT code OCTOPUS, adiabatic local density approximation (ALDA) for the exchange
correlation functional is used. The simulation zone is deﬁned by assigning a sphere around each atom with a radius
of 6.0 Å and a spacing of 0.2 Å between grid points. The
Troullier−Martins pseudopotentials are used to represent
the interaction between valence electrons and atomic core.
To do the time integration of the electrons, approximated
enforced time-reversal symmetry (AETRS) is used for evaluating the propagator. As for TDAP calculations, the same
pseudopotentials, exchange correlation functional, and laser
waveform have been used. Numerical atomic orbitals with
double zeta polarization (DZP) are adopted as the basis set.
Meanwhile, the ﬁrst order Crank–Nicholson is used as the
propagator. For the data shown in Figure 1, all the systems
are evolved for the same time period (40 fs) in both OCTOPUS and TDAP by propagating Kohn–Sham wave functions.
The eﬃciency can be extracted from the dependence of computer time on the system size by using the same number
of message-passing-interface (MPI) processes and laser parameters. It is clear that the use of local atomic basis in the
TDAP code can accelerate the simulation eﬃciency by four
to ten times for these relatively small systems.
II. Electronic states localized near the atomic nucleus can be
treated eﬃciently by employing the approach of linear combination of atomic orbitals (LCAO) approach. Thus, it is
promising to realize simulations that focus on understanding the inner-shell excitations and to investigate electron
dynamics on the femtosecond and sub-femtosecond time
scale.[21]
III. Real-time excited state trajectories are achieved with manyelectron density propagating self-consistently at every elec-
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Our approach behaves well in treating quantum dynamics processes including photoabsorption, interface electron injection,
electron-hole combination, structure phase transition, as well as
high harmonic generation. The advantages of employing a realtime approach of TDDFT enable us to simulate quantum materials under strong ultra-short laser ﬁeld beyond the perturbative theory, and nonequilibrium "hidden states," as well as exotic behaviors in a variety of degrees of freedom (electron, lattice,
spin, . . . ).[22] At present, these studies are limited to the investigation of early stages (a few hundreds of femtosecond) of excited
state dynamics due to the constraints of computer resources and
the stability of algorithms. However, when there is branching in
the electronic trajectories, our approach can address issues related to the mechanisms leading to the branch or decay. Eﬀorts
along this line are currently underway.

2. Methodology
For the simulation of periodic solid-state materials, the k-space
resolution is most desired for the sake of revealing the nature
of photoexcitation and for fast time evolution of complex electronic structures. An important advantage of using k-resolved rtTDDFT is its computational eﬃciency. With many k-points sampling the reciprocal space, a relatively small simulation cell can
be used to simulate quantum phenomena for a long time. Meanwhile, k-resolved algorithm introduces the important k-space resolution and a new degree of freedom, which is essential to describe key quantities and important physics in condensed matter
materials such as time-dependent band structure, quasiparticles
scattering, and valley dynamics. In other words, only rt-TDDFT
with k-resolved sampling can provide essential information concerning their real-time evolution. From this point of view, we have
successfully developed k-resolved rt-TDDFT algorithm based on
local atomic basis sets. The main framework of k-resolved rtTDDFT algorithm is inherited from an earlier single- version
of TDAP,[19] which is based on the SIESTA package.[23,24] Figure 2 shows the ﬂowchart of real-time excited state simulation
at a given electronic step, which will be explicitly described in the
following section.

2.1. Hamiltonian and Overlap Matrix
Adopting the periodic boundary conditions, the lattice vectors
are denoted as Rs (s = 1, 2, 3, . . . , N) and the atoms are denoted
by index i in the unit cell located at positions bi , where N
is truncated to form a ﬁnite supercell. A set of numerical
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of the pseduopotential of atom I, and V H , V XC , V Eext are the
Hartree, exchange-correlation (XC), and external electric ﬁeld potential, respectively. At a given time t, the XC energy (E xc (ρ(t))) is
only determined by the charge density ρ(t). At each time step,
the calculation of E xc with the given ρ(t) is carried out by the
original SIESTA subroutines, in the same way as the processes
in regular DFT calculation. Therefore, all functionals working
in SIESTA (e.g., CA, PW92, PBE, revPBE, RPBE, PBEsol, KBM,
WC, BLYP) are accessible in the current implementation, while
the hybrid functionals have not been implemented because additional self-consistent processes for calculating the Hartree–Fock
exchange term are needed. We note that the nonlocal part of
the pseudopotential would also depend on the vector potential
to preserve the gauge invariance. Details in the calculation of
ξiα (r + Rs + bi )| Ĥ|ξ jβ (r + b j ) are described by Ordejón, et al.[24]
To simulate the interaction between laser ﬁeld and various
materials, time-dependent electric ﬁeld E(t) is introduced to the
Hamiltonian in two diﬀerent scenarios: length gauge and vector gauge. Within length gauge, the eﬀect of electric ﬁeld E(t) is
added via V ext ,

Figure 2. Flowchart of k-resolved algorithm for the evolution of electronic
system. Here, Sk is the overlap matrix, Hk is the Hamiltonian matrix, and
u nk is the TDKS orbitals at k.

atomic-centered orbitals (NAOs) are associated with each atom,
where α denotes both the orbital and angular quantum numbers
of the atomic state, together with the multiple radial basis
function ζ .[23] The local basis functions are numerical radial
functions multiplied by spherical harmonics. The parameters
for generating atomic basis sets we use here are default values
generated by SIESTA, with well converged results.[23–26] For
simpliﬁcation, atomic units  = me = e = 1 are used and only
operators that explicitly dependent on t are denoted as f (t)
throughout this work unless speciﬁcally noted.
Overlap matrix Sk and Hamiltonian Hk at each k point are
expressed with NAOs
Siα, jβ,k =






e −ik·Rs ξiα (r + Rs + bi ) ξ jβ (r + b j )

(1)

s

Hiα, jβ,k =



 


e −ik·Rs ξiα (r + Rs + bi )  Ĥ ξ jβ (r + b j )

(2)

s

where s is the index of ion, which sums over an auxiliary supercell. For periodic systems, the auxiliary supercell is needed to
compute properly the matrix elements involving orbitals in different unit cells. The volume of auxiliary supercell is determined
based on the criterion that the boundary is larger than the cutoﬀ
of the atomic orbitals. The widely used Monkhorst–Pack scheme
for Brillouin zone integration is also adopted. The results are convergent with well tested mesh grid size. [23–27]
Here,
Ĥ = T̂ +



VIlocal (r) +



VIKB + V H (r) + V XC (r) + V ext (r) (3)

is the Hamiltonian operator, T̂ = 12 ∇r2 is the kinetic energy operator, VIlocal and VIKB are the local and Kleinman–Bylander parts
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V ext (r, t) = −E(t) · r

(4)

In order to overcome the troubles that the transitional symmetry of Hamiltonian might be broken by the presence of E, a
sawtooth ﬁeld along spatial direction μ ∈ x, y, z is used

E μ (r, t) =

E μ (t)

ε < xμ < L μ − ε

−E μ (t)L μ /2ε

−ε < xμ < +ε

(5)

in which L μ is the length of unit cell along μ and ε → 0. As a result, it is vital to make sure that charge density ρ(xμ ) must vanish
in the region −ε < xμ < +ε. Otherwise, the energy will diverge
for −E μ (t)L μ /2ε → ∞. In this case, systems will be prelimited
into a supercell with vacuum layers along μ,[8,28] which limits the
approach to be applied only to ﬁnite systems.
To overcome the limitations mentioned above, the velocity
gauge form for the TDKS equations suitable for inﬁnite periodic
systems is developed through a gauge transformation involving
the vector potential for electromagnetic ﬁeld,

A = −c

E dt, E = −

1 ∂A
c ∂t

(6)

yielding the velocity-gauge TDKS equation
H=

e
1
1
(k − A)2 =
(k + e
2m
c
2m

kA =

e



E dt)2 =

2
(k + k A)2
2m

(7)


E dt

(8)

It should be pointed out that periodic vector potentials are essential to describe accurate exchange-correlation eﬀects of periodic systems. However, the necessary extension from scalar to
vector potential has not yet been implemented. Moreover, the
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shape of E(t) can be discretionarily tuned in either case, for example, assuming a Gaussian wave package


(t − t0 )2
E(t) = E0 cos (2π f t + φ ) exp −
2σ 2

(9)

2.2. Time Propagation

(10)

where unk (r, t) = ψnk (r, t) exp(−ik · r) is the periodic part of
Bloch function, and t = t2 − t1 is the length of time step, and
t ≈ (t1 + t2 )/2. Typically, t is quite small (<0.05 fs) and ion positions bi barely change from t1 to t2 , which ensure the rationality
to take Sk (t ) = Sk (t2 ) for evolving Sk (t) in Equation (1). However,
Hk (t) may vary signiﬁcantly due to the rapid evolution of electrons, two options are available,

1
1
Hk (t ) = Hk (t2 ) + Hk (t1 )
2
2

(11)

(12)

As pointed out by Wang, et al. and Ren, et al.[29,30] , Hamiltonian elements change approximately linearly within 0.2–0.5 fs.
From this perspective, the latter is more accurate than the former
with t < 0.05 fs. Nevertheless, these two scenarios yield almost
the same results in practice.
Note that, when v-representativity is adopted for TDKS
equations,[1] even though unk (r)(t2 ) is not explicitly dependent
on the other TDKS orbitals un k (r)(t1 )(n = n or k = k), interband scattering can be included for that Hk is determined by
the total charge density, which is a weighted summation over
all k points and all occupied orbitals. Numerically, the propagator exp(−i Sk−1 Hk t) in Equation (10) is expanded using the ﬁrst
order Crank–Nicholson scheme,
−1




unk (r, t2 ) = 1 − i Sk Hk t/2 unk (r, t1 )
−1
1 + i Sk Hk t/2

(13)

Technically, calculation of Equation (13) is accelerated in two
aspects: Firstly, ScaLAPACK is used for the parallel matrix inversion and multiplication. Secondly, Sk−1 is only updated when
NAO positions bi are changed to minimize the computer time
used. Then, if ions are ﬁxed, Sk−1 is computed only once at the
ﬁrst ionic step. Otherwise, Sk−1 (t2 ) only need to be updated once
for each ionic step.
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n

∗
q n,k c n,iα,k
(t2 )c n, jβ,k (t2 )

(14)

k

where q n,k is electronic population of the band n at k, c n, jβ,k (t2 ) is
the coeﬃcient of unk (r, t2 ) in NAO basis,
unk (r, t2 ) =

With time-dependent Hamiltonian and overlap matrix, TDKS
equations are solved to obtain unk (r, t) from the data at the previous time step,

Hk (t ) = Hk (t2 )

With unk (r, t2 ) solved in Equation (10), the density matrix (DM)
ρiα, jβ (t2 ) is computed accordingly as
ρiα, jβ (t2 ) =

where f is the laser frequency, t0 is the peak time, and φ is the
auxiliary phase.





unk (r, t2 ) = exp −i S−1 (t )Hk (t ) t unk (r, t1 )
k

2.3. Charge Density and Self-Consistency



c n, jβ,k (t2 )ξ jβ (r)

(15)

jβ

The self-consistent process[31] will substantially increase the
numerical stability. In this case all criteria for convergence test
developed in our code are compatible with those used in SIESTA,
such as that based on the diﬀerence in the maximum element of
DM, the diﬀerence in total energy, and the Harris energy diﬀerence. Here, we take the convergence criterion based on the difference in DM as an example. Convergence is reached when

 new
 <η
max ρiα,
jβ − ρiα, jβ

(16)

where η is about 10−4 . If not, the linear mixing of DM is needed
to generate the input DM for the next cycle ρnext , instead of using
ρnew directly,
ρ = (1 − w)ρ + wρnew

(17)

where the ρ is the input DM and ρnew is the output DM, w is the
mixing weight, usually w = 0.1–0.5.

2.4. Post-Processing
Once the self-consistency in charge density evolution is satisﬁed, post-processing such as the calculation of total energy,
Hellmann–Feynman forces, ionic trajectory will be evoked. For
instance, the forces acting on the ions can be calculated through
the Hellmann–Feynman theorem:
FR I =



ψi |∇R I H|ψi 

(18)

i

where R I and FR I are the position and force of Ith ion. With R I
and FR I , we invoke the Ehrenfest theorem for the equation of
ionic motion:
MI

d 2RI
= FR I
dt 2

(19)

which recovers Newton’s second law of motion for the ionic degrees of freedom.
Then, only some unique methods for analysis are introduced
as follows. First of all, the state-to-state transition probabilities
can be calculated by[32]
Pnn k = |Cnn k |2 = |vnk |Sk |un k |2
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where vnk is the adiabatic basis




Hk vnk (r) = E nk Sk vnk (r)

(21)

The population q nk of adiabatic state nk is thus projected from
TDKS orbitals as

q n k Pnn k
(22)
q nk =
n ∈nk,occ

nk,occ is occupied state at k point.
Technically, n loops over all adiabatic states, which has the
same dimension No as NAOs. Assuming that Nocc is the number of occupied TDKS states, then the computational cost is up to
Nocc O(No2 ). The calculation is very time consuming, and parallel
computation is thus essential. In the ﬁrst place, diagonalization
of Hk in Equation (21) is carried out by ScaLAPACK and all vnk (r)
are broadcasted to all nodes. Furthermore, the occupied TDKS orbitals un k are distributed equally by all the computing nodes, and
each node only evaluates Equation (20) with local TDKS orbitals.
Secondly, diﬀerent response functions are employed. For
ﬁnite-size structures, we calculate time-dependent dipole moment in the direction perpendicular to the vacuum layer,

D=

ρ(r)rdr

(23)

where ρ(r) is charge density. However, for periodic systems,
dipole is ill-deﬁned and the time-dependent current is computed,


e 
unk |∇|unk  − u∗nk |∇|u∗nk
j = −i
m n

(24)

where αμ,υ characterizes the response of dipole momentPμ (ω) to
the electric ﬁeld E υ (ω) in the frequency domain,

3. Some Examples Toward Simulating Realistic
Systems
We intent to develop our code focusing on light–matter interactions as main application ﬁelds. Light-induced electron and
phonon dynamics can be handled eﬃciently for isolated and periodic systems. Up to now, we have employed the real-time local
basis TDDFT approach to investigate ultrafast dynamics in some
prototypical systems for important applications. In the following
section, several quintessential examples are introduced in detail.

3.1. Photoabsorption Spectra and Electron Dynamics
in Graphene Nanoribbons

Adv. Theory Simul. 2018, 1800055

Pμ (ω) = αμ,υ (ω)E υ (ω)

(26)

In rt-TDDFT calculations, we apply the electric ﬁeld E υ (t)
to obtain the dipole moment Pμ (t) in time domain. Then the
Fourier transform is performed to obtain the polarizability in the
frequency domain,

Pμ (t) exp(iωt)dt
αμ,υ (ω) = 
E υ (t) exp(iωt)dt

(27)

where E υ (t) is chosen as a Heaviside step function,


Firstly, we use the present rt-TDDFT method to calculate the
photoabsorption properties of armchair graphene nanoribbons
(AGNRs) and to monitor the excitation mode with the k-point
resolution. For AGNRs,[33,34] there is a vacuum layer along the inplane direction perpendicular to the ribbon edge, and the laser
ﬁeld in the length gauge is used. The intensity of optical absorption along μ ∈ (x, y, z) direction can be expressed as the imaginary part of the dielectric function
Sμ (ω) = Im αμ,μ (ω)

Figure 3. a) A schematic showing AGNRs under an external electric ﬁeld
polarized along the ribbon width direction. b) Optical absorption spectra
of AGNRs in diﬀerent widths.

(25)

E υθ (t)

=

E υ0

1 − θ(t) =

E υ0 (t) t ≤ 0

0

t>0

(28)

In the present work, E υ (t) is applied along the direction
perpendicular to the ribbon edge (Figure 3a). The resonance absorption spectrum S(ω) is obtained in a board energy range from
infrared to ultraviolet (1–7 eV). For AGNRs with diﬀerent widths,
the absorption spectra are shown in Figure 3b. We observe two
kinds of resonance peaks implying diﬀerent excitation modes:
the visible and the higher energy light excitation modes, whose
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Figure 4. Momentum resolved excitation in the graphene nanoribbon (width W = 4.83 Å) under two laser excitation modes. a) Proﬁle of applied electric
ﬁeld, where the frequency ω is set as 2.59 eV. b) Snapshot of electron population distribution at three selected moments. c,d) Same as (a) and (b) but
for a higher laser frequency with ω = 6.90 eV.

peak position are around 1–4 eV and 6–7 eV, respectively. An
obvious redshift and a clear convergence tendency occur for both
of two modes with the increasing width of ribbon (W), which
are in considerable agreement with the experimental data.[35,36]
For the higher energy excitation mode, the monotonous redshift
(from 6.7 eV for W = 6.064 Å to 5.6 eV for W = 60.36 Å) can
be extrapolated to a value close to the result on the π −π band
transition in monolayer graphene (MG) calculated by GW plus
Bethe–Salpeter equation (red dash line in Figure 3b).[37] It
implies that the evolution corresponds to the transition from ID
ANGRs band structures to 2D graphene band structures as the
ribbon width increases. However, for the mode in visible region,
the peaks will be broadened into an uniform absorption background when the ribbon width come to inﬁnite, consistent with
the existence of the constant absorption in monolayer graphene
(light absorption π α = 2.3%).[38] In addition, the peak locations
remain the same under the impulse ﬁeld strength E0 ranging
from 0.25 to 2.5 VÅ−1 , implying these excitation modes are
robust.
To gain deeper information on the excitation dynamics, we
show the k resolved snapshots of electron population distribution during the visible light (Figure 4a) and high energy excitation
(Figure 4c). Red (blue) dots in Figure 4b,d denote the increase (decrease) of electron occupation, and the size represents the population of excited electrons and holes. For visible light mode,
the population is mainly distributed on some special k points,
showing a feature of single electron-hole excitations. While for
high energy mode, the excitation is distributed on almost all the
k points, showing a collective excitation behavior. These results
demonstrate that the present approach is accurate and eﬃcient
in calculating and analyzing optical properties in complex nanostructures.

Adv. Theory Simul. 2018, 1800055

Figure 5. Ultrafast charge transfer in MoS2 /WS2 bilayer. a) Side view of
MoS2 /WS2 bilayer. Green, red, yellow spheres represent Mo, W, and S
atoms, respectively. b,c) Hole transfer dynamics for MoS2 /WS2 in two
stacking modes. The transfer lifetime is ﬁtted by an exponential function.
The insets show the schematic atomic structures.

3.2. Ultrafast Charge Dynamics in MoS2 /WS2 Heterojunction
Laser-induced interlayer ultrafast charge transfer plays a very
important role in determining both the speed and eﬃciency of
charge separation, which provides a new platform for optoelectronic and photovoltaic applications.[39,40] Here, we use a model
MoS2 /WS2 bilayer system (Figure 5a) as an example to show how
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the local-basis rt-TDDFT method can be employed to monitor the
electronic dynamics in such a van der Waals heterostructure.[41]
By choosing the photon energy to match that of MoS2 bandgap,
electrons will be excited from the selected valence band and holes
are created in the MoS2 layer. Afterward, the holes will transfer
into the neighboring WS2 layer in the heterojunction. The time
evolution of interlayer charge transfer is simulated by simultaneously solving the time-dependent Kohn–Sham equation and
Newtonian motion of ions.
Our results show that a slight interlayer geometry modulation
of twisting, translation, or spacing can tune charge transfer dynamics very eﬃciently. As displayed in Figure 5b,c, both AB1 -2H
and AA1 -3R are the stable stacking conﬁgurations in MoS2 /WS2
bilayer with the same interlayer distance (6.3 Å).[42,43] However,
to form the other conﬁguration, one layer in the bilayer rotates by
an angle of π . We ﬁt the time evolution data with an exponential
equation χ = a + b × exp(−t/τ ), where τ is the charge transfer
life time andχ is the hole (electron) density on the WS2 orbitals at
diﬀerent times after photoexcitation. As marked in Figure 5b,c,
τ AB1 and τ AA1 are around 100 fs and 1000 fs, respectively, diﬀering
by an order of magnitude in charge transfer timescale, despite
that the two conﬁgurations have a similar interlayer binding
energy.
Further analysis demonstrates that the interlayer charge transfer is only related to the coupling between some speciﬁc interlayer states, in this case is the one between |−2 and |−1 states
at K point in the Brillouin zone. The dipole transition matrix ele-

Figure 6. Schematic showing the atomic structure of silicon crystal a) before and b) after laser melting.

∧

ments M = −2| Z |−1 is used to evaluate the coupling strength
∧

between the two states, where Z is the position operator along the
vertical direction normal to the MX2 plane. We found MAB1 
MAA1 and the detailed analysis further reveals that 1/τ is exponentially dependent on M, therefore, the distinct charge transfer
dynamics in above two stacking modes is understandable. Based
on these ﬁndings, one could utilize various methods to modulate
the interlayer geometry, and therefore the charge transfer quantum dynamics can be controlled. This study will facilitate future
applications of 2D heterostructures in novel optoelectronic and
light harvesting devices.

3.3. Laser-Induced Nonthermal Melting
Laser excitation generates ultrafast phenomena and unique condensed phases of matter.[44] A popular example is ultrafast melting. Melting within a timescale of less than a picosecond upon
photoexcitation has been ubiquitously observed in a wide range
of semiconductors,[45–47] and, most recently, in 2D materials such
as TiSe2 [48] and TaS2 .[49] Despite extensive experimental and theoretical investigations in the past four decades, the atomistic
mechanism of ultrafast melting remains controversial. Initiated
by this situation, we simulate laser melting of Si under experimental conditions as shown in Figure 6.[46,50] Our simulations, by
combining local basis rt-TDDFT and molecular dynamics (MD)
approaches, explicitly show that ultrafast laser melting could occur at a temperature (600 K) signiﬁcantly below the equilibrium
thermal melting temperature (ࣈ1700 K for Si), thus conﬁrming
the nonthermal and nonequilibrium nature of laser melting for
the ﬁrst time.

Adv. Theory Simul. 2018, 1800055

Figure 7. a) RMSD as a function of time. b) Simulated and experimental
electron diﬀraction intensity of (220) reﬂection as a function of time. Experimental data (time rescaled by a factor of 0.33) are taken from ref. [43].
c) Ionic temperature as a function of time.

We adopt the Lindemann criterion for judging the melting
of crystal lattice: silicon melts when its root-mean-square dis1
placement (RMSD) <u2 (t)> 2 is larger than the critical value
Rc = 0.35 Å (15% of Si–Si bond length).[51] The RMSDs with and
without laser irradiation are shown in Figure 7a. Here we use the
percentage of valence electrons pumped to conduction bands to
denote the laser intensity η. The maximum RMSD without laser
(η = 0%) reaches only half of Rc . However, the RMSD with laser
intensity η = 10.16% crosses the Rc within 100 fs and keeps increasing to about 0.6 Å at 400 fs, showing an evident ultrafast
melting behavior.
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Figure 8. The melting velocity vm (blue dots) and thermal velocity vt (red
line) as a function of ionic temperature.

The RMSD is directly connected to diﬀraction intensity I(t)
through the Debye–Waller formula:
I(t) = exp −Q2 <u2 (t)>/3

(29)

where Q is the reciprocal lattice vector of the probed reﬂection,
<u2 (t)> is the mean square displacement, that is, the square of
RMSD. We simulate the Iη=10.16% (t) and Iη=0% (t) for the (220) reﬂection (Figure 7b). The features of the experimental data and our
simulations are almost identical. The Iη=11% (t) decreases to 0.2
after melting in both the experiment and our simulation, while
without laser, both the simulated and experimental curves show
no drift but an oscillation around 0.95. It demonstrates that our
simulation captures the most important features of nonthermal
melting observed in experiment. The only diﬀerence is that in our
simulation, the melting speed is even faster, possibly because of
the small supercell size used in the simulation and other complications in experiment including surface eﬀects and a large pulse
width used (200 fs). We note that during the melting, the crystal
lattice remains cold (T < 600 K; Figure 7c), revealing an intrinsic
nonthermal melting.
The plasma annealing (PA) mechanism,[52] that is, plasmainduced bond weakening, seems to work well to explain the above
results. The conventional PA model assumes that laser energy retains in the electronic subsystem, thus ultrafast melting is purely
an electronic eﬀect. However, we show that the PA is insuﬃcient to fully understand ultrafast melting. The electron–phonon
(el–ph) energy transfer is important but neglected in PA. During melting, the loss in ion kinetic energy is compensated by
the energy transfer from electrons to ions via el–pl scattering.
The el–ph energy transfer leads to peculiar phenomena distinct
from what PA predicts. Inertial dynamics, namely melting with a
constant ion velocity no less than average thermal velocity, is experimentally observed,[53] a direct evidence of el–ph energy transfer. The inertial dynamics dictates vm ≥ vt , where vm is the melt1
ing velocity √
vm = < u2 (t) > 2 / t, and vt is thermal velocity
of ions vt = 3k B T/M (M is the atomic mass). Inertial dynamics is nicely reproduced in our simulations. The melting velocity vm and thermal velocity vt are shown in Figure 8. At an ini-
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Figure 9. a) Schematic showing high harmonic generation under twocolor ﬁelds. b) The electric ﬁeld, and c) the vector potential of four representative laser pulses with diﬀerent relative ratios.

tial ion temperature similar to experiment Ti = 300 K, vm < vt
shows a damped melting, consistent with the experiment.[46] It
can be explained by melting under a perturbed potential energy
surface (PES). However, when Ti decreases to a critical temperature Tc = 50 K, there exists a crossover between vm and vt . Below
Tc , the inertial even accelerated melting dynamics is observed.
In PA model, upon laser excitation, ions either maintain their
thermal velocity vt (for ﬂattened PES) or have a velocity smaller
than vt (for perturbed PES with a barrier) during melting, since
ionic kinetic energy is consumed to overcome the melting barrier.
This contradicts with the crossover between damped and inertial
dynamics observed in our simulation and experiment. We suggest that laser-induced el–ph energy transfer, dominant at low
temperatures, is the key for the observed inertial dynamics.
3.4. High Harmonic Generation
Strong ﬁeld laser excitation of solids can produce extremely nonlinear electronic and optical behaviors. One of the most fundamental and prominent aspects of nonlinear optics is higher-order
harmonic generation (HHG) in condensed matter systems,[54–56]
which is both a source of fundamental insight into electron motion and a promising new method to realize compact ultraviolet
and ultrafast light sources. However, applications of the HHG
are restricted by the low conversion eﬃciency, so enhancing the
yield of HHG becomes a valuable project. In our work, two-color
ﬁeld is used to control the electron dynamic processes to enhance
HHG intensity in monolayer MoS2 , as shown in Figure 9a. The
interaction of laser with MoS2 is calculated by solving the TDKS
equation (Equation (6)) in velocity gauge and the two-color laser
ﬁeld is expressed to be a Gaussian envelop function:
E (t) = E 1 sin(ω1 t + ϕ1 ) + E 2 sin(ω2 t + ϕ2 )

× exp −(t − t0 )2 2σ 2

(30)

r 2 = E 2 /E 1
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the vector potential will increase electron transition probabilities
from valence bands to conduction bands. More electrons would
be excited and travel a larger fraction of the momentum space,
thus leading to a high intensity in the HHG spectrum.

4. Conclusion

Figure 10. HHG spectra in the two-color ﬁelds with diﬀerent relative intensity. The length of arrows shows intensity diﬀerences Ii between the
benchmark (black dashed line) and higher order harmonics, in this case,
I 1 > I 2 > I 3 > I 4 , which means that harmonic yields can be enhanced by properly-tuned two-color ﬁelds.

Here, E i , ϕi , and ωi (i = 1, 2) are peak electric ﬁeld, phase,
and frequency, respectively. The relative ratio of the two laser
pulse intensities is represent by r 2 . In our simulation, linearly
polarized laser is applied along the zigzag direction of monolayer MoS2 with E 1 = 0.07 VÅ−1 , ω2 = 1.5ω1 = 1/2E gap (E g =
1.94 e V ), ϕi = 0, the pulse peak time t0 = 30 fs while the half
width is chosen to be σ = 8.5 fs. In Figure 9b,c, four representative laser pulses with diﬀerent r 2 are displayed. Once the timedependent current J(t) is available via Equations (7) and (24),
HHG spectrum can be accessed through Fourier transformation,


I(ω) = 

0

T

2

ω J (t) exp(−iωt)dt 
2
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(31)

The corresponding HHG spectra are displayed in Figure 10.
It is clear that the HHG spectrum is very sensitive to the
participation of the second laser pulse. More precisely, when the
peak intensity of the laser changes by only 40%, the yield of the
high order harmonic can be increased by 10–100 times in the
energy range of E > 10 eV. Meanwhile, by simply controlling the
amplitude ratio of the second beam to the ﬁrst one, the cutoﬀ of
the plateau region can be further extended, showing the possibility to generate isolated attosecond pulses.[57,58] The phenomena
can be attributed to the fact that larger vector potentials are
obtained when increasing r2 coherently. A larger magnitude of

Adv. Theory Simul. 2018, 1800055

In summary, we present an eﬃcient real-time TDDFT approach for large scale accurate simulations of excited state dynamics. Both length-gauge and velocity-gauge electromagnetic
ﬁeld have been implemented using numerical atomic orbitals
as basis, ensuring the ﬂexibility and credibility to apply this
method to various laser-induced phenomena in diverse systems
including solids, interfaces, and low-dimensional materials. Furthermore, recently developed momentum resolved algorithm
provides the possibility to treat these systems with a small simulation cell, which signiﬁcantly reduces the formidable computational cost of conventional rt-TDDFT simulations. We show
several quintessential examples, including the photoabsorption
properties of graphene nanoribbons, ultrafast charge transfer
in MoS2 /WS2 heterojunction, nonthermal melting of silicon, as
well as high harmonic generation from monolayer MoS2 . Most
of these applications represent a new prospect in their respective
areas. We expect that the present approach could be extended to
broader ﬁelds and become part of the standard tools for physicists, chemists, and materials scientists who are interested in
laser–matter interactions.
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