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Recent theory-guided discoveries of hydrides exhibiting high superconducting temperatures (7;.) exceeding
200 K above 150 GPa have sparked the enthusiasm for the pursuit of room-temperature ambient-pressure
superconductors. While efforts to increase the 7.’s of these hydrides are underway, optimizing the demanding
high-pressure synthesis conditions remains a challenge. Several studies suggested that a multielemental alloying
strategy could be a feasible approach to tackle this formidable task. Here, we present an example using LaBeHg
to establish several alloy hydrides via the substitution of La atoms with similar metal atoms, such as Y, Ce, and
Th. Quasiquaternary alloy hydride (La, Y, Ce, Th)BeHs is computed to become thermodynamically stable at
70 GPa and a typically realistic temperature of ~2000 K for synthesizing high-T; hydrides, compared with the
calculated results showing thermodynamic instability above 300 GPa without considering entropy. Our in-depth
analysis revealed that not only does entropy play a crucial role in stabilizing alloy hydrides at moderate pressures
and high temperatures, but also the energy contribution from vibrational entropy is much more significant than
configurational entropy, where configurational entropy has long been believed to play a key role in the stability
of multielemental alloy. Furthermore, extensive electron-phonon simulations indicate that the estimated 7. of
(La, Y, Ce, Th)BeH;g could reach near ~100 K at 70 GPa. The present work offers a fresh perspective on the

design and realization of high-7, multielemental alloy hydrides towards near-ambient pressure.

DOI: 10.1103/PhysRevB.111.184512

I. INTRODUCTION

Over the past decade, the search for high-temperature
superconductivity in the hydrogen-rich system has garnered
great interest due to the findings of a critical temperature (7)
above 200 K in numerous hydrides [1-6], such as covalent
H;S [7,8] and clathrate hydrides (CaHg [9,10], YHq, YHq
[11,12], LaH, [13,14], etc.) under pressures above 150 GPa.
However, lowering the synthesis pressure of these fascinat-
ing hydrides, which is critical to pursuing high-temperature
superconductivity at relatively low or even ambient pressure,
presents a formidable task. Towards this goal, considerable
efforts have been devoted to the exploration of superconduct-
ing hydrides at submegabar pressures [15—19]. For example,
several studies have predicted that high-T. LaXHg (X = B,
Be) [20-22] could be thermodynamically stable above 100
GPa, especially as their dynamically stable pressure could
reach as low as 50 GPa. Motivated by these predictions, a
recent experiment indeed successfully synthesized LaBeHsg
with a 7; of 110 K at megabar pressure, and this phase could
be maintained upon decompression to at least 80 GPa [23].
Recently, a type of ambient-pressure hydride superconductor
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Mg, IrHg with the highest 7. up to 160 K was proposed,
while the metastable feature of this structure results in great
challenges for further experimental synthesis [24,25]. These
studies indicate that not only is thermodynamically stable
pressure key for low-pressure synthesis of a hydride, but also
the search for high-temperature superconducting hydrides at
moderate pressures remains a pressing task.

It is widely recognized that most experimental synthe-
ses often involve high-temperature conditions, where the
contribution of entropy to Gibbs free energy is apparently
more pronounced. Particularly in disordered multinary sys-
tems, configurational entropy even overwhelms the mixing
formation enthalpy, thereby driving their formation [26,27].
Consequently, multielemental alloy hydrides may become
thermodynamically stable at moderate pressures and high
temperatures due to the reduction of Gibbs free energy facil-
itated by the increasing configurational entropy of the multi-
nary system. This idea is exemplified by synthesizing quasi-
binary (La, Y)H, alloy hydride at ~110 GPa and 2200 K,
which is much superior to YH, synthesized above 143 GPa
[28]. In addition, there are some other studies hunting for
quasibinary [29-35], even quasiternary [36] alloy hydrides,
in which computationally unstable structures (Im3m-LaHg
[30], P63/mmc-LaHy [31,32], and Fm3m-YH;o [30,36])
all could be observed by the introduction of additional
metal elements. Therefore, the search for thermodynami-
cally stable multielemental high-7; alloy hydrides at lower
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pressures is feasible and highly required in this hot domain
of science.

The experimental study has shown that LaBeHs exhibits
the highest 7; of 110 K at ~80 GPa [23], which is above
the liquid nitrogen temperature of 77 K. Moreover, many
theoretical studies tried to lower dynamically stable pres-
sures for the compounds isostructural to LaBeHg [37-42].
It is natural to wonder if the thermodynamically stable pres-
sure of this LaBeHs-like prototype structure could be further
lowered via doping additional metal elements that introduce
considerable entropy at typically realistic temperature, such as
~2000 K, for synthesizing high-temperature superconducting
hydrides. To this end, we conducted thorough simulations
by mixing Y, Ce, and Th at La sites in LaBeHs. As a re-
sult, (La, Ce)BeHg, (La, Th)BeHg, and (La, Ce, Th)BeHg
are calculated to be thermodynamically stable at significantly
lower pressures of 77, 66, and 60 GPa, respectively, by
additionally considering entropy at 2000 K. Especially for
multielemental alloy (La, Y, Ce, Th)BeHg, entropy assists
maintaining thermodynamically stable down to 70 GPa from
several megabars. Furthermore, we also conducted a com-
prehensive study on the impact of vibrational entropy and
configurational entropy on thermodynamic stability. Finally,
detailed electron-phonon coupling simulations are performed
for these multielemental alloy structures, and the estimated
T.’s of (La, Ce)BeHg, (La, Th)BeHg, (La, Ce, Th)BeHs,
and (La, Y, Ce, Th)BeHg could reach 53, 83, 49, and 87 K
at their lowest thermodynamically stable pressures of 77, 66,
60, and 70 GPa, respectively. Our current research on alloy
hydrides shows that the thermodynamic stability of multiele-
mental alloy hydrides depends on the competition between
mixing formation enthalpy and entropy, which serves as a
valuable reference for future experimental endeavors towards
the ultimate goal of achieving high-temperature superconduc-
tivity at ambient pressure.

II. COMPUTATIONAL DETAILS

The energetic calculations in our study were carried out
by employing the Vienna Ab initio Simulation Package
(VASP) [43], which is based on density-functional theory [44]
within the generalized gradient approximation in the form
of the Perdew-Burke-Ernzerhof [45] exchange-correlation
functional. The electron-ion interaction is described by all-
electron projector-augmented wave (PAW) [46] method,
wherein 552 5p° 5d' 652, 45 4p° 4d' 552, 4! 557 Sp° 5d' 652,
5f16s26p®6d'7s%, 1s>2s%, and 1s' serve as the valence
electrons for La, Y, Ce, Th, Be, and H, respectively. The
kinetic cutoff energy for plane-wave basis set with 900 eV
and Monkhorst-Pack k meshes with a resolution of 0.18 A~
are utilized to ensure the enthalpy converges well. The forma-
tion enthalpy of all alloy structures against the decomposition
paths are calculated by PYMATGEN [47].

Bonding in these hydrides was analyzed by the crystal or-
bital Hamiltonian population (COHP) [48,49] implemented in
LOBSTER code [50]. The Bader charge analysis [51] was used
to investigate charge transfer, and the electron localization
function (ELF) [52] was used to visualize chemical bonds
in molecules and solids. The lattice dynamics and electron-
phonon coupling of the stable structures are calculated within

the framework of density-functional perturbation theory [53]
through the QUANTUM-ESPRESSO code [54], where PAW pseu-
dopotentials were adopted with a kinetic energy cutoff of
80 Ry. Self-consistent electron density and electron-phonon
coupling (EPC) were calculated by employing 16 x 16 x
16 k-point meshes and 4 x 4 x 4 g-point meshes for Pmmm
phase; 20 x 20 x 16 and 5 x 5 x 4 for P4/mmm phase; and
12 x 16 x 16 and 3 x 4 x 4 for P1 phase. The superconduct-
ing gap and T; value were calculated by numerically solving
the isotropic Eliashberg equations [55-57] with the ELK
code [58].

To examine the energy stability of the substitutional alloy
(La, Y, Ce, Th)BeHs, it was modeled by using a supercell of
160 atoms based on the special quasirandom structures (SQS)
approximation [59] as implemented in the ALLOY THEORETIC
AUTOMATED TOOLKIT [60]. Based on the unit cell of Fm3m
LaBeHg containing 40 atoms, the La sites was randomly oc-
cupied by La, Y, Ce, and Th in equiatomic ratio to create an
SQS supercell with 160 atoms.

The configurational entropy under ideal mixing conditions
is calculated by

N
Seont = —kp Y _ x; Inx;, ey
i=1

where kp is the Boltzmann constant, N is the number of
component, and x; represents the atomic fraction of compo-
nent i on the site of mixing. Furthermore, the Boltzmann
constant is related to the gas constant R through R = kgN,,
where N4 is Avogadro’s constant. As an example, in the fcc
structure (Fm3m) of LaBeHg where La atoms occupy 4b site,
the configurational entropy of four-element equimolar alloy
mixing at 4b site is 1.386kp per La site, and 0.139kp per
atom. Therefore, the contribution of configurational entropy
of (La, Y, Ce, Th)BeHs to Gibbs free energy at a typical
temperature of 2000 K is 23.8 meV per atom. The vibra-
tional contribution to the free energy can be estimated by ab
initio methods, requiring the calculation of the interatomic
force constants in a large supercell. Phonon calculations were
carried out using a supercell approach as implemented in
PHONOPY code [61]. The vibrational energy and entropy were
obtained from lattice dynamic calculations using the quasihar-
monic approximation. In this approximation, the vibrational
free energy takes the form [62]

3N
hw;
Fup = — + kT In(1 — e @ /ksTy | 2
b Z [ S ThsT In(l —e ) @
where w is the phonon vibrational frequency. And, the vibra-
tional entropy by differentiating with respect to 7 is

3N
Sun = ko 30 <l = b L

1

Furthermore, we also have made the approximation that
the electronic entropy contribution to the Gibbs free energy is
neglected compared to the phonon contribution.

Ab initio molecular dynamics (AIMD) simulations for
(La, Y, Ce, Th)BeHg were performed with the same pseu-
dopotentials and exchange-correlation functional as those
used in the geometrical optimization. The cutoff energy was
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reduced to 537.5 eV with an energy convergence criterion
of 1 x 10~*eV, and the Brillouin-zone k point was chosen
as the I" point. The simulated systems contained 320 atoms
generated by SQS approximation, which were heated in Nosé-
Hoover thermostats (300, 2000, 2500, and 3000 K) based on
the NVT ensemble [63—-65] at 70 GPa. The simulation duration
was 11 ps (22000 steps x 0.5 fs per step), with the statistical
information of mean-square displacements and atomic trajec-
tories extracted from the last 10 ps.

The training data for the deep-learning potential model
were obtained from ab initio molecular dynamics simulations
at 300 K. An equiatomic 5 x 5 x 5 supercell containing 5000
atoms was constructed from a unit cell with 40 atoms relaxed
at 70 GPa, and then atomic sites of La, Y, Ce, and Th were
randomly shuffled. At each time step, all atom pairs of heavy
elements (La, Y, Ce, and Th) are swapped once. A Nosé-
Hoover thermostat was adopted to perform the NVT ensemble
with a temperature of 300 K for the first 10 ps, followed by
lengthy MC/MD (Monte Carlo/molecular dynamics) replica
exchange simulations [66] for 90 ps by using the LAMMPS
software package [67,68].

A simple expression for the configurational entropy of
mixing, developed by Hanke et al. [69], which relies solely on
the set of instantaneous coordinates, was employed to assess
the degree of mixing along a molecular dynamics trajectory.
We extended their formula to alloys with four disorderedly
occupied elements:

N
ASeont = ) ASa, “

a=1
ASy = —kp(xM Inxy + 2P Inx + 3 In x4 + ) Inxy)
)

where AS, is mixing entropy in elementary volumes V,, that
is obtained by dividing total volume into N small elementary
volumes. As entropy is an extensive quantity, the total entropy
of mixing of the entire AS.ons can be written as the sum over
the entropies of mixing, AS,. Here, xéA) is the molar fraction
of species A in the elementary volume element V.

Hanke et al. proposed molar fraction distributions based
solely on the partial densities of the four species p“(r),
p® ), p©(r), and pP(r) via

p (1)

(A) —
X (V) - ,O(A)(r) + p(B)(r) + I()(C)(l") + ,O(D)(r)’

(6)

where r is atomic coordinates in real space. They defined the
o™ (r) via a Gaussian function of actual atomic coordinates
of the particles R;:

0i(r) = ; exp [_ﬂ] 7
© 2oy 207 |
PP =" pilr). ®)
ieA

III. RESULTS AND DISCUSSION

A. Thermodynamical properties

We begin our first-principles simulations on the experi-
mentally synthesized LaBeHg-type structure by substituting
La atoms with three different elements with considering con-
figurational entropy at 2000 K. The primary assumption is
that mixed heavy elements (La, Y, Ce, and Th) with differ-
ent ratios can achieve an ideal, uniformly disordered state,
while the fcc metal lattice remains almost unchanged without
melting [see Fig. 4(a)]. Therefore, we can apply the ideal
configurational entropy formula (1) to compute its contribu-
tion to the free energy at 2000 K. The results show that the
combinations of La/Th, La/Ce, and Ce/Th for quasibinary
alloy hydrides can maintain thermodynamic stability within
megabar pressure at 2000 K. For example, (La, Th)BeHs
with an equal mole of La and Th is thermodynamically sta-
ble at a much lower pressure of 91 than ~110 GPa as for
LaBeHjg at 2000 K in the top panel of Fig. 1(a). Additionally,
(La, Ce)BeHg also can maintain thermodynamic stability un-
der pressures of 99 GPa at 2000 K, which motivated us to
investigate quasiternary and quasiquaternary alloy hydrides.
As a consequence, (La, Ce, Th)BeHg are computed to be
thermodynamically stable above 87 GPa at 2000 K, and the
quasiquaternary alloy hydride (La, Y, Ce, Th)BeHg exhibits
thermodynamic stability above 123 GPa at 2000 K in the
present study [the top panel of Fig. 1(a)]. The complete calcu-
lation results for free energies with respect to pressure of other
alloys are described in Appendix B (including Refs. [70-72]).
Our findings demonstrate that configurational entropy drives
the multielemental alloys to maintain thermodynamic stability
at typical experimental temperatures (2000 K) within megabar
pressure. However, as the pressure decreases, the contribution
of the mixing formation enthalpy rises significantly, and it is
necessary to investigate if other physical factors could further
reduce the thermodynamically stable pressure.

The hydrides mentioned above were considered as a su-
perconducting alloy composed of a distorted BeHg sublattice
and randomly substituted metal sublattice as shown in typ-
ical (La, Y, Ce, Th)BeHs (Fig. 2) akin to the high-entropy
ceramics. To examine the influence of the cell size and
configurational disorder on energy stability as reported in
(Y, Sr)Hy, [73], in this study we took (La, Y, Ce, Th)BeHg
as a representative example to perform the quasirandom struc-
ture (SQS) simulations, the best way to mimic a substitutional
alloy structure, to check if the crystal-structure model with
the simulated cell of 40 atoms is accurate enough to describe
the system, before any further analysis. We thus carried out
structural relaxations at a representative pressure of 100 GPa
and found that the energy variations among these quasiran-
dom structures (the unit cells of 40 and 160 atoms) were
within an energy deviation of ~2 meV per atom (Fig. 3).
This indicates that cell size does not apparently affect the
study of the structure of (La, Y, Ce, Th)BeHg. Therefore,
the unit-cell structures listed in Appendix A were employed
to study the electronic and phononic properties, as well as su-
perconductivity for (La, Y, Ce, Th)BeHsg, along with other
quasibinary and quasiternary alloy hydrides in the following
studies.
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FIG. 1. (a) Comparison of the lowest thermodynamically stable pressures in alloy hydrides with or without different entropy effects.
Yellow bars represent the lowest thermodynamically stable pressures at 0 K, while green, blue, and red bars correspond to the lowest
thermodynamically stable pressures at 2000 K, when configurational, vibrational entropy or both are included, respectively. It is noted that
(La, Y, Ce, Th)BeHgs is thermodynamically unstable even at 300 GPa. (b) Pressure-temperature phase diagram of (La, Y, Ce, Th)BeHg by

considering the contribution of configurational and vibrational entropy.

Then, we estimated the melting point of the most relevant
quasiquaternary system (La, Y, Ce, Th)BeHg to verify the
validity of the configurational entropy formula at 2000 K.
The simplest simulation approach to investigate the melting
behavior of alloy materials is to heat the solid phase until
melting. The corresponding calculated melting temperature
(T,) is regarded as melting temperature (7yr), but T is always
higher than 7y;. The mean-square displacements (MSDs) indi-
cated that the metal fcc lattice in (La, Y, Ce, Th)BeHg does
not undergo melt or dissociation at 2000 K. Instead, only the
hydrogen atoms dissociate and migrate at high temperatures
[Fig. 4(a)]. La, Y, Ce, and Th begin to exhibit complete migra-
tion at 2500 and 3000 K, indicating the occurrence of melting
[Figs. 4(b) and 4(c)]. These results suggest our approximation
for disordered occupation of the heavy-metal positions is rea-
sonable, and the ideal configurational entropy of the system
could be estimated.

La:Y:Ce:Th=1:1:1:1

FIG. 2. Alloy structure of (La, Y, Ce, Th)BeHg. Orange, yel-
low, dark blue, red, dusty blue, and gray spheres represent La, Y, Ce,
Th, Be, and H atoms, respectively.

In order to estimate configurational entropy better, we
adopted machine-learning potential to perform the MC/MD
simulations at 300 K. Lengthy MC/MD replica exchange
simulations were performed until they reached equilibrium
at 300 K, as judged by time series of energies [Fig. 4(d)].
As shown in Fig. 4(e), the simulation was initiated with ar-
tificially disordered phases, and its configurational entropy
was approximately 1.353R. During our MC/MD simulation,
the configurational entropy slightly increased to 1.367R, ap-
proaching an ideal value of In 4R (1.386R), which represents
an equiatomic mixture of La, Y, Ce, and Th. Figure 4(f)
shows that the distorted BeHg units remain undamaged, and
the entire structure maintains its kinetic stability. The reason
we did not perform replica exchange MC/MD simulation at
higher temperatures is that hydrogen atoms begin to diffuse,
resulting in more complex atomic local environments. It re-
quires an exceptionally longer time to run active training
of the machine-learning potential for (La, Y, Ce, Th)BeHs,
which is beyond the scope of the current work.

It is known that configurational entropy has been long
believed to play a key role in the stability of multielemental
alloy. However, in addition to configurational entropy, vi-
brational entropy should be considered for a comprehensive
study of the stability of the alloy system at high tempera-
tures. We then compared the effect of configurational and
vibrational entropy on the thermodynamic stability in the
aforementioned alloy hydrides. The results show that the
thermodynamically stable pressures considering vibrational
entropy are several tens of GPa lower than those considering
configurational entropy in the middle panel of Fig. 1(a). Mo-
tivated by these unexpected results, we further estimated the
thermodynamically stable pressures of these predicted alloy
hydrides by considering both vibrational and configurational
entropy, as shown in the bottom panel of Fig. 1(a), such
as (La, Th)BeHg (66 GPa at 2000 K) and (La, Ce)BeHg
(77 GPa at 2000 K). Regarding (La, Ce, Th)BeHg and
(La, Y, Ce, Th)BeHs, they can maintain thermodynamic sta-
bility above 60 and 70 GPa, respectively, at 2000 K. More
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FIG. 3. The calculated enthalpy of (La, Y, Ce, Th)BeHg with different assignments of La, Y, Ce, and Th atoms to SQS site classes at
100 GPa, where the SQS supercells with 160 atoms display five distinct typical lattice configurations.

results are shown in Fig. 5. These results indicate that
the contribution of vibrational entropy to thermodynamic
stability for alloy cannot be overlooked at high tempera-
tures. Moreover, we also provide the pressure-temperature
phase diagram of (La, Y, Ce, Th)BeHg [Fig. 1(b)], which
indicates that the entropy effect can indeed optimize the
stable pressures of multicomponent alloys with increasing
temperature.

To elucidate the origin of substantial energy contribution
from vibrational entropy in these multielemental alloy hy-
drides, we conducted a thorough comparison of the bonding
behaviors and vibrational modes for (La, Y, Ce, Th)BeHg
and LaBeHg. In LaBeHg, the mid- to high-frequency phonon
vibrational modes are associated with both intra-BeHg and
inter-BeHg vibrations, and most vibrational modes are degen-
erate due to the high symmetry [74]. However, the Be—H bond
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FIG. 4. Mean-square displacements (MSDs) for alloy hydrides (La, Y, Ce, Th)BeH;g obtained by AIMD calculations in the NVT ensemble
at (a) 2000 K, (b) 2500 K, and (c) 3000 K, respectively. Evolution of the (d) total energy and (e) instantaneous configurational entropy
of (La, Y, Ce, Th)BeHg during the MC/MD simulations at 300 K, where R is the gas constant. The simulation is conducted in the NVT
ensemble for the first 10 ps, followed by MC/MD replica exchange simulations. (f) The disorder configuration of (La, Y, Ce, Th)BeHg at
100 ps. Orange, yellow, dark blue, red, dusty blue, and gray spheres represent La, Y, Ce, Th, Be, and H atoms, respectively.
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conditions of 50-90 GPa and 2000 K.

length in (La, Y, Ce, Th)BeHg exhibits large deviation as a
result of the disordered occupations of metal atoms [Fig. 6(a)],
which results in the breaking of the degenerate vibra-
tional modes of BeHg. Compared to LaBeHs, all vibrational
modes of (La, Y, Ce, Th)BeHg exhibit non-degeneracy (Ap-
pendix C), and the expanded broadening of phonon density
of states in (La, Y, Ce, Th)BeHs implies a higher level
of vibrational disorder [Fig. 6(b)]. Our simulations also
indicated that the Gibbs free energy considering vibrational
entropy of (La, Y, Ce, Th)BeHg is —48 meV per atom at
2000 K and 70 GPa with respect to the lowest decomposition
into ThBeH;, Ce(BeHy4),, LaBeHs, YH3, and 9/2H,. Addi-
tionally, as the number of atoms increases in the supercell
of (La, Y, Ce, Th)BeHs, the distortion of Be-H bonds and
BeHs units becomes more pronounced [Fig. 6(a)], as reported
in other systems [75]. These results indicate that the distortion
of the BeHg cubic units is the underlying mechanism for a
significant contribution stemming from vibrational entropy.

B. Lattice dynamics

It is known that the thermodynamically stable pressure of
these alloy structures at O K could be higher than that at
2000 K, where entropy plays a key role in stabilizing the
system at high temperatures. However, these alloy structures
might be retained through rapid quenching from high-
temperature conditions, since they can exhibit dynamic stabil-
ity at low pressures. Therefore, we performed dynamical sim-
ulations on the proposed alloy structures, and the correspond-
ing phonon spectra at their lowest dynamically stable pres-
sures are illustrated in Fig. 7 [and see Fig. 11(a)]. In general,
quasibinary alloy hydrides can maintain dynamic stability
below 20 GPa or even near 10 GPa, while (La, Ce, Th)BeHg
and (La, Y, Ce, Th)BeHg require high pressures of 30 and
32 GPa, respectively. For the simulations of critical dynamical
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FIG. 6. (a) Histogram of Be-H bond Ilength for

(La, Y, Ce, Th)BeHg with 40 and 160 atoms, and LaBeHg at
100 GPa. The short dotted lines represent the average Be—-H
bond lengths in their respective structures. The comparison of
projected phonon density of states (PHDOS) for (b) LaBeHg and (c)
(La, Y, Ce, Th)BeHg at 100 GPa.

pressures of (La, Y, Ce, Th)BeHg, we found phonon soft-
ening at S, U, and T points that induced the appearance of
imaginary frequencies with decreasing pressure, as shown in
Fig. 8, which are the origin of the instability at lower pres-
sures. These results indicate that the stability of these alloy
hydrides could be suppressed at low pressures.

C. Electronic properties

To investigate the chemical bonding characteristics of
above-mentioned alloy hydrides and gain insight into their
remarkable dynamic stability, we furthermore calculated the
electron localization function (ELF) at 100 GPa. The absence
of electron localization between distorted BeHg sublattice and
randomly substituted metal sublattice suggests a clear ionic
nature, plotted and shown in Fig. 9. Moreover, the Bader
charge analysis (Table I) indicates that each H atom adopts ap-
proximately 0.40|e|, while each Be atom loses around 1.53e|,
resulting in a total charge of approximately 1.67|¢| for each
BeHs unit, which is close agreement with the charge transfer
of BeHg in previous calculations for XBeHg (X = La, Y,
Ce, and Th) [22,38]. The above analysis suggests that mul-
tielemental mixture does not alter the ionic bonding nature
between the heavy metal and the BeHg units. In addition, the
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FIG. 7. Phonon-dispersion curves of alloy hydrides at their lowest dynamical pressures. (a) (La, Y)BeHg at 67 GPa, (b) (La, Ce)BeHg at
17 GPa, (c) (La, Th)BeHg at 10 GPa, (d) (Ce, Th)BeHg at 17 GPa, (e) (La, Ce, Thy)BeHg at 20 GPa, and (f) (La, Ce, Th)BeHg at 30 GPa.

ELF with an isosurface value of 0.6 indicates a strong Be-H
interaction, with Be—H bond lengths ranging from 1.379 to
1.422 A at 100 GPa, fluctuating around the value of 1.401 A
(100 GPa) observed in LaBeHs. The calculation of the nega-
tive ICOHP values for Be-H (approximately from —3.62 to
—3.52 eV) reveals that the Be-H bonds in the BeHg units
exhibit a significant covalent feature (Table II). In contrast,
the H-H interactions are significantly weaker, as evidenced
by their negative ICOHP values (—0.13 to —0.17 eV). The
results show ionic bonding between distorted BeHg and the
heavy-metal atoms, as well as the covalent bonding nature

2
_._S
_._U
14
+T
~N
I
bO
>
[&]
c
g
o -1
o
L
24
'3 T T T T T T T

20 22 24 26 28 30 32 34
Pressure (GPa)

FIG. 8. Phonon frequencies for (La, Y, Ce, Th)BeHs as a
function of pressure at highly symmetrical points, namely, S =
(0.5,0.5,0),U = (0.5,0,0.5), and T = (0, 0.5, 0.5).

between Be and H within the BeHg unit in the multielement
alloy system.

D. Electron-phonon coupling and superconducting properties

The hydrides might possess high-7;. values because of the
large H-dominated electronic density of states (DOS) at the
Fermi level (Er) and high-frequency H-derived vibrations.
Our electronic calculations reveal that all predicted structures
are metallic with significant electronic DOS at Er [N(EFf)] for

TABLE I. Bader charge analysis for our predicted alloy hydrides
at 100 GPa.

Hobtains  Be lost
Formulas charge charge Metal lost charge
(La, Y)BeHs 0.38 —1.53 La —1.35
Y —1.70
(La, Ce)BeHg 0.37 —1.53 La —1.38
Ce —1.45
(La, Th)BeHg 0.40 —1.55 La —1.42
Th —1.82
(Ce, Th)BeHg 0.40 —1.55 Ce —1.47
Th —1.81
(La, Ce, Th)BeHg 0.38 —1.53 La —1.40
Ce —1.44
Th —1.76
(La, Ce, Thy)BeHsg 0.39 —1.54 La —-1.39
Ce —1.46
Th —-1.79
(La, Y, Ce, Th)BeHg 0.39 —1.55 La —1.33
Y —-1.72
Ce —1.38
Th —1.73
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(ELFs) for (a)
(La, Th)BeHg, (d)

localization functions
(La, Ce)BeHg, (c)

FIG. 9. Electron
(La, Y)BeHg, (b)
(Ce, Th)BeHs, (e) (La, Ce, Thy)BeHs, (f) (La, Ce, Th)BeHg, and
(f) (La, Y, Ce, Th)BeHg at 100 GPa. The isosurface value is set to
0.6. Dashed lines are used to delineate BeHg units in alloy hydrides
and do not represent actual chemical bonds.

hydrogen [see Fig. 12(b)] at 30 and 100 GPa, respectively.
Hence, we performed electron-phonon coupling (EPC) sim-
ulations to investigate their superconductivity. As shown in
the middle panels of Figs. 10 and 11(b), the projected phonon
density of states (PHDOS) can be separated into three regions.
The low-frequency region is dominated by contributions from
heavy-metal atoms, while the mid- and high-frequency zones
are associated with phonon modes of Be and H atoms,
respectively. Simultaneously, large peaks in the o’F(w)
are distributed in the mid- and high-frequency regions,
responsible for a rapid increase of high EPC strength, es-
pecially between 10-35 THz [Fig. 10 and Fig. 11(b)].
Consequently, the high EPC strength predominantly origi-
nates from the vibrations of hydrogen and Be atoms, and
results in a total EPC parameter A of 0.81, 0.94, 0.77, and
1.04 for (La, Ce)BeHs (77 GPa), (La, Th)BeHs (66 GPa),
(La, Ce, Th)BeHg (60 GPa), and (La, Y, Ce, Th)BeHg
(70 GPa), respectively.

Finally, we evaluate the 7.’s by numerically solving
the Migdal-Eliashberg equations directly; the obtained 7

TABLE II. The calculated ICOHP of H-H and Be-H bonds
for our predicted alloy hydrides at 100 GPa. The negative ICOHP
values represent the bonding interactions and positive ICOHP values
represent the antibonding interactions.

Distance of H-H and ICOHP

Formulas Be-H eV)
(La, Y)BeHg H-H 1.451-1.654 —0.16
Be-H 1.390-1.395 —3.62

(La, Ce)BeHsg H-H 1.434-1.644 —-0.14
Be-H 1.390-1.401 —3.60

(La, Th)BeH;g H-H 1.499-1.633 —0.13
Be-H 1.398-1.411 —3.52

(Ce, Th)BeHg H-H 1.45-1.662 —0.13
Be-H 1.401-1.403 —3.52

(La, Ce, Th)BeHg H-H 1.432-1.656 —-0.17
Be-H 1.384-1.422 —3.58

(La, Ce, Th,)BeH;g H-H 1.431-1.672 —0.14
Be-H 1.379-1.389 —3.55

(La, Y, Ce, Th)BeHy H-H 1.446-1.656 —0.15
Be-H 1.388-1.406 —3.58

values, along with the EPC parameter A and the phonon
frequency logarithmic average wo, for these alloy hydrides,
are shown in Table III. (La, Ce)BeHg, (La, Th)BeHg, and
(La, Ce, Th)BeHg exhibit 7. values of 58-66 at 77 GPa,
83-92 K at 66 GPa, and 49-57 K at 60 GPa by using typical

TABLE III. The calculated EPC constant (A), phonon frequency
logarithmic average (wio,), and superconducting critical temperature
T. (u* = 0.13 and 0.1) by numerically solving the Eliashberg equa-
tions for various alloy structures under given pressures. For each
alloy structure, the second pressure point is the lowest thermody-
namic stability pressure, and the third pressure point is the lowest
kinetic stability pressure.

Formulas P (GPa) A wig (K) T2 (EA) (K)
(La, Y)BeHg 100 1.88 986 188-195
73 2.20 847 192-201
50 3.18 621 204-213
(La, Ce)BeH;g 100 0.74 1226 53-65
77 0.81 1136 58-66
17 1.58 620 96-104
(La, Th)BeH;g 100 0.83 1277 66-81
66 0.94 1148 83-92
10 1.89 654 121-127
(Ce, Th)BeHg 100 0.50 1242 14-22
67 0.55 1086 13-19
17 1.04 519 44-50
(La, Ce, Th)BeHg 100 0.61 1281 23-32
60 0.77 1061 49-57
30 1.12 759 66-76
(La, Ce, Thy)BeHs 100 0.56 1259 20-28
55 0.75 1057 48-55
20 1.06 730 63-73
(La, Y, Ce, Th)BeHg 100 0.89 1173 73-84
70 1.04 1027 87-98
32 1.68 635 104-112
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FIG. 10. PHDOS, Eliashberg spectral function a>F (w), and the electron phonon integral A(w) for the alloy hydrides. (a) (La, Y)BeHg at
73 GPa, (b) (La, Ce)BeHg at 77 GPa, (c) (La, Th)BeHg at 66 GPa, (d) (Ce, Th)BeHg at 67 GPa, (e) (La, Ce, Th,)BeHg at 55 GPa, and (f)

(La, Ce, Th)BeHg at 60 GPa.

Coulomb pseudopotential parameters p* of 0.13-0.10. No-
tably, the 7; of (La, Y, Ce, Th)BeHs is estimated to range
from 87 to 98 K (u* = 0.13 — 0.10) at 70 GPa, exceeding
the liquid nitrogen temperature of 77 K. The results further
revealed that T, and EPC parameter X increase with decreasing
pressure, while wjog values show the opposite trend.

To investigate the origin of pressure dependence of super-
conductivity, we focus on establishing the correlation between
superconductivity and electronic and phononic properties. As
shown in the top panel of Fig. 12, the projected density of
states (PDOS) calculations indicate that the N(Ep) are pri-
marily from the f- and d electrons of the heavy metals, as
well as the dominant s electrons of hydrogen [Fig. 12(b)].
Among these, the contribution from the d electrons at the
Fermi level is negligible, never exceeding 6% [Fig. 12(c)].
The variation of N(Er) in most alloy hydrides with respect to
the pressure exhibits a positive pressure dependence, except
for (La, Ce)BeHg and (Ce, Th)BeHg in Fig. 12(a). This be-
havior in (La, Ce)BeHg and (Ce, Th)BeHg arising from the
significant contribution of Ce-4f electrons to N(Ep) results in
anegative pressure dependence of N(Ep), as seen in Fig. 12(f),
and a similar trend of N(Er) also observed in CeBeHg (see
Ref. [37]). Neither La-4f nor Th-5f electrons exhibit a neg-
ative dependence on pressure [Figs. 12(e) and 12(g)]. As the

proportion of Ce in the alloy decreases, its influence on N(Eg)
diminishes, and the N(Ep) resumes the trend of decreasing
with pressure decreasing, as seen in (La, Ce, Thy)BeHg and
(La, Y, Ce, Th)BeHg of Fig. 12(a). Crucially, however, the
magnitude of N(Ef) variation (whether positive or negative)
remains minimal (e.g., <16% over 30-100 GPa) and can-
not account for the dramatic pressure-induced changes of T...
Another interesting observation is that the strong localization
effect of Ce-4f electrons significantly suppresses supercon-
ductivity. Alloy systems with higher Ce-4 f occupancy (e.g.,
(Ce, Th)BeHg: 35% Ce-4f contribution at 100 GPa) exhibit
anomalously low 7, (14-22 K), whereas Ce-free alloys like
(La, Y)BeHjg achieve T values up to 185-195 K under iden-
tical conditions.

The EPC calculations revealed that 7. and EPC parameter
A increase with decreasing pressure, while wjoe values show
the opposite trend, which is attributed to the phonon softening
arising from sizable distortion of the ideal cubic structure.
For instance, in (La, Y, Ce, Th)BeHg, we observe that with
decreasing pressure, the phonon frequencies, especially for
optical phonon modes, soften significantly across the en-
tire Brillouin zone [Fig. 11(a)]; the corresponding Eliashberg
spectral function a’F (w) shifts from a 0-60-THz frequency
range to 0-52 THz as pressure decreases in [Figs. 11(a)
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FIG. 11. (a) Phonon-dispersion curves, Eliashberg spectral function «?F(w), and the electron-phonon integral A(w) for
(La, Y, Ce, Th)BeHg at 70 (blue) and 32 GPa (red), respectively. (b) PHDOS and (c) calculated isotropic superconducting gap of
(La, Y, Ce, Th)BeHg at 70 and 32 GPa, respectively.

and 11(b)]. This phonon softening significantly enhances X
from 1.04 to 1.68, driving a substantial 20% enhancement
in T, by solving isotropy Migdal-Eliashberg equations, high-
lighting the pivotal role of phonon behavior in modulating
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superconductivity under pressure. In addition, theoretical
studies have indicated that the ultralight atomic mass of hy-
drogen in hydrides results in zero-point energy (ZPE)-driven
lattice expansion, thereby affecting superconducting proper-
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ties. We have included the relevant discussion on this issue in
Appendix D (including Refs. [76-80]).

IV. CONCLUSION

In summary, we combine La, Y, Ce, and Th elements
in various ratios at the La sites within the parent structure
LaBeHg to form alloy structures. To assess the realistic
conditions of experimental synthesis, we estimate the
stability of these predicted alloy hydrides by taking into
account the important contribution of configurational and
vibrational entropy to Gibbs free energy at high temperatures.
(La, Ce)BeHg, (La, Th)BeHg, (La, Ce, Th)BeHg, and
(La, Y, Ce, Th)BeHs can maintain thermodynamic stability
above 77, 66, 60, and 70 GPa at 2000 K, respectively. Our
in-depth analysis indicates that vibrational entropy plays a
much more significant role than configurational entropy in
stabilizing these alloy hydrides, where configurational entropy
has been widely regarded as a pivotal factor in the stability
of multielemental alloy. Furthermore, EPC calculations
reveal that all alloy hydrides have the potential to become
superconductors within pressures of tens of GPa, especially
for (La, Y, Ce, Th)BeHg with T; of 87-98 K at 70 GPa. The
simulations also suggest several hydrogen-based alloys with
high 7.’s above the liquid nitrogen temperature of 77 K at
moderate pressures. Our findings shed light on the design and
discovery of high-temperature superconductivity via multi-
elemental alloy hydrides at near-ambient pressure conditions.
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APPENDIX A: CRYSTAL LATTICE PARAMETERS
AND COORDINATES

In the pseudoquaternary system (La, Y, Ce, Th)BeHs,
the supercells generated by using the SQS method reveal
the stability of the energy for alloy structures. This finding
leads us to conclude that the short-range order of metal atoms
does not significantly alter the description of disordered alloy
hydrides. It further provides a rationale for employing small-
sized unit cells to approximately evaluate the alloy properties,
such as electronic properties and superconductivity.

The modeling of alloys with ratios of 1:1, 1:3, 1:1:2,
and 1:1:1:1 is based on the LaBeHg unit cell, where La
atoms are partially or totally substituted. Symmetry oper-
ations are applied to the substituted structures to obtain
the minimal periodic units. In Table IV, (La, Th)BeHg and

TABLE IV. Crystal lattice parameters and coordinates of alloy
hydrides at 100 GPa.

Lattice

Phase parameters Coordinates
La  0.500 0.500 0.000
Th  0.000 0.000 0.500
a=3.801 Be  0.000 0.000 0.000
P4/mmm- b =13.801 Be 0.500 0.500 0.500
(La, Th)BeHs ¢ =5.373 H -0.301 0.000 0.150
H 0.197 0.500 —0.348
La —0.334 0.334  —-0.333
Th 0333 —-0.333 0.334
Ce 0.000 —-0.000 —0.001
Z : gzgg Be 0.333 0.167 0.333
s Be 0.001 0.499 —0.001

P1-(La, Ce, ¢ =6.788
Th)BeH; o — 114.08° Be —0.334 —-0.166 —0.331
B = 73.20° H 0.438 —0.081 0.124
Y = 89.90° H 0.098 0.248 —0.195
H -0236 -0418 0.471
H -0.357 0.307 0.317
H 0.293 —0.343 0.008
H -0.031 -0.014 —0.325
H 0.237 0.109 —0.473
H -0.103 0.455 0.206
H -0434 -0.214 —0.132
H 0.041 0.307 0.317
H -0301 —0.343 0.008
H 0356 —0.0142 —0.325
H 0.0407  0.009 0.317
H -0.301 0.350 0.008
H 0356 —0.311 —0.325
H 0.237 0418 —0.473
H -0.103 —-0.249 0.206
H -0.434 0.082 —0.132
H 0.438 0.204 0.124
H 0.098 —0.444 —0.195
H -0236 -—0.111 0.471
H -0.357 0.009 0.317
H 0.293 0.350 0.008
H -0.031 -0311 —0.325
La  0.500 0.000 0.000
Y 0.000 0.500 0.000
Ce 0.500 0.500 0.500
Th  0.000 0.000 0.500
Be  0.000 0.000 0.000
a =5.300

Pmmm-(La, Y. b — 5908 Be 0.500 0.500 0.000
Ce, Th)BeHs = 5209 Be 0.000 0.500 0.500
Be 0.500 0.000 0.500
H -0.150 -0.155 —0.150
H 0.348 0.352  —0.154
H -0.154 0.351 0.346
H 0.348 —0.156 0.348

(La, Y, Ce, Th)BeHg are provided as examples. However,
the quasiternary alloys with the ratio of 1:1:1 cannot be di-
rectly obtained through elemental substitution. To circumvent
this limitation, we constructed a 30-atom SQS supercell based
on the primitive cell of LaBeHg. The disordered occupancy
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TABLE V. The symmetry assignment of the vibration modes at the I" point in LaBeHg and (La, Y, Ce, Th)BeHs.

LaBeH; (La, Y, Ce, Th)BeHg
Area Frequency (THz) Symmetry Frequency (THz) Symmetry
I 1.31 T 0.91,1.01, 1.05 By, By, B3y
3.75 T, 3.35,3.40,3.41 By, B3, B,
3.82 T 3.66, 3.66, 3.73 By, By, By,
5.53 T 5.00,5.20, 5.21 B3, By, Bay
11.62 Ty, 12.74,12.87, 13.38 Bsy, By, B
12.07 T, 13.56, 13.60, 13.94 Bsy, By, By,
13.62 T 14.15, 14.23, 14.37 By, By, B3y
17.78 T, 18.28, 18.47, 18.52 By, B3, B
I 23.02-35.16 4Ty, 3E,, 4T5,, 4Ty, 3E,,, 4T, Asg, Ay Atg, Av 18.58-38.09 8B, 8By, 8By, 8B14, 8B4, 8B3,, 8A,, 84,
38.72 Ay 39.35 A,
38.76 E, 40.31, 41.54 Ay, Ay
41.83 T, 43.22,44.25,44.33 By, By, By,
42.05 T, 44.59, 44.75, 45.49 B3, By, Bay
43.93 I, 45.02, 45.06, 45.49 By, B3g, By,
44.23 T 46.60, 46.87, 46.96 By, B3, Bi,
I 44.43 Ti, 46.01, 46.08, 46.20 By, B3g, By,
44.52 T, 47.09,47.19, 47.22 B\, B3y, By,
46.30 Ay, 47.23 A,
46.50 E, 48.41, 49.33 Ag, A,
47.50 Ay, 49.87 A,
52.55 T, 55.00, 55.01, 55.05 B3, By, Bay
53.18 T, 55.59, 55.66, 55.69 By, B3g, By,
55.03 Ay, 57.98 Ay,

of heavy-metal atoms reduces the structure symmetry to Pl
space group.

APPENDIX B: THERMODYNAMICS STABILITY ONLY
WITH CONSIDERING CONFIGURATIONAL ENTROPY

In this Appendix, we systematically analyze the thermo-
dynamic stability of LaBeHs-type alloy hydrides by mixing
multiple elements such as La, Y, Ce, and Th in different
combinations and ratios (1:1, 1:3, 1:1:1, 2:1:1, and 1:1:1:1)
in the pressure range of 50-300 GPa at 2000 K by PYMATGEN.

Our calculations reveal that in the absence of yttrium, the
critical thermodynamic stability pressures of the alloy sys-
tems remain consistently below 100 GPa, regardless of the
mixing combinations and ratios, as observed in La/Ce, La/Th,
Ce/Th, and La/Ce/Th combinations, respectively [Figs. 13(b),
13(c), and 13(f)]. This finding aligns well with previous com-
putational results. For instance, the thermodynamic stable
pressures of superhydrides observed in the Y-H system are
significantly higher than those in the La-H, Ce-H, and Th-H
systems [70,72].

Below ~100 GPa, we observe a sharp increase of the Gibbs
free energy only considering configurational entropy, which
is primarily driven by the interplay between configurational
entropy and mixing formation enthalpy. For example, at a
specified temperature (2000 K), the contribution of configu-
rational entropy for 1:3 and 1:1 ratios remains constant of 9.7
and 11.9 meV per atom, respectively. In contrast, the mixing
formation enthalpy is governed by the enthalpy difference be-
tween the alloy hydrides and other decomposed products. As
the pressure decreases, the emergence of decomposed prod-
ucts with lower enthalpy leads to a mixing formation enthalpy

curve of alloys characterized by a steep increase at low pres-
sures and a gentler variation at high pressures. Consequently,
the limited contribution of configurational entropy restricts
the reduction of the thermodynamic stabilization pressure to
~100 GPa.

APPENDIX C: THE SYMMETRY ANALYSIS OF THE
VIBRATION MODES AT THE I" POINT IN LaBeHg
AND (La, Y, Ce, Th)BeHs

In comparison, the phonon vibrational frequencies of the
alloy (La, Y, Ce, Th)BeHs in region I and region III are
close to the frequencies of LaBeHg due to lattice distor-
tion, and there is a clear correspondence in the splitting
of the vibrational modes. The split vibrational modes in
(La, Y, Ce, Th)BeHs do not exhibit significant energy-level
crossing. However, in region II, the energy levels of the split
vibrational modes in (La, Y, Ce, Th)BeHg have a complex
interleaving relationship compared with those in LaBeHg (Ta-
ble V).

APPENDIX D: THE EQUATION OF STATE OF
(La, Y, Ce, Th)BeHs WITH OR WITHOUT ZPE

In our studied alloy hydrides, the superconducting prop-
erties are influenced not only by the N(Ef) and phonon
soft modes, but also significantly by ZPE-induced lattice
expansion. The extremely small atomic mass of hydrogen
leads to high-frequency vibrations with high phonon energies,
such as ~250 meV (~60 THz) in (La, Y, Ce, Th)BeHg at
70 GPa, making the ZPE contribution to the total energy
non-negligible.
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FIG. 13. Calculated Gibbs free energy as a function of pressure considering the contribution of AS.s at 2000 K for quasibinary,
quasiternary, and quasiquaternary alloy hydrides.

Calculated phonon density of states (PHDOS) are used to
evaluate the zero-point energy (ZPE) correction within the E(V)=Ey+
quasiharmonic approximation, and the calculated static ener-
gies with or without ZPE by first-principles with respect to the
volume are fitted to the third-order Birch-Murnaghan equation
of state [76] by formulas (D1) and (D2):

9VoB )
106 S(LVo/V)? = 17°B)

F[Vo/V)? = 1716 — 4(Vo/V 2Pl (D2)

For instance, in our calculations of (La, Y, Ce, Th)BeHg
systems, equation of state (EOS) comparisons reveal that

3B() 3
P(V) = T[(VO/ V)P — /vyl inclusion of ZPE leads to lattice expansion. Within the
3 pressure range from 60 to 100 GPa, we observe an average
x { 14+ Z(By — V)V 3 1] }, (D1) volume expansion of ~3..3%, and the expansion rate increa%ses
4 as pressure lowers (Fig. 14). Indeed, some theoretical

184512-13



MA, LUO, MENG, ZHONG, LIU, LIU, AND MA

PHYSICAL REVIEW B 111, 184512 (2025)

(a) 1601

1404

—s— without ZPE|
—s=— with ZPE

Pressure (GPa)
N
(0] o N
o o o

[e]
o
L

H0+——r——m——————
22 23 24 25 26 27 28 29 30 31
Volume (Bohr¥/atom)

(b) -0.120

—s=— without ZPE
—=— with ZPE

=-0.125+

Energy (Hartree/atom

-0.150 4

-0.155 +—————————————————
22 23 24 25 26 27 28 29 30 31
Volume (Bohr¥/atom)

FIG. 14. The comparison of the (a) pressure-volume curves and (b) energy-volume curves with (blue) and without (red) considering the

ZPE (zero-point energy).

simulations reveal that the impact of ionic vibration-induced
lattice expansion on superconductivity can be considered
within the quasiharmonic approximation [77], but a
potentially sizable frequency renormalization caused
by anharmonic and phonon-phonon effects of ionic

vibration is neglected, which might significantly influence
superconductivity [78,80]. Therefore, our work does
not include the discussion of quantum ionic effect on
superconductivity, and we expect further experimental
developments to justify corresponding simulations.
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