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A B S T R A C T   

Electronic states in quantum materials can be engineered by light irradiation, which is greatly 
advanced by ab-initio computational predictions in realistic light-matter coupled systems. Here 
we review the most recent progresses from first principles computation in the light-driven Floquet 
steady states and transient dynamical states with topological electronic bands in real crystals. We 
first introduce the first-principles modeling approach, dubbed time-dependent Wannier scheme, 
for simulating real quantum materials under light irradiation. Then, we present a few examples of 
theoretically-predicted Floquet-Bloch electronic bands engineered by time-periodic light fields, 
which include the three types of Floquet-Dirac fermions in graphene and black phosphorus, the 
Floquet-Chern flat bands with an unprecedented high flatness ratio of band width over band gap 
in a Kagome material, and the Floquet conversion between bright and dark valley excitons in 
monolayer transition-metal dichalcogenides. Next, we show the ultrafast dynamical evolution of 
Weyl nodal points in orthorhombic WTe2 driven by a time-aperiodic short light pulse, and discuss 
the connection between the Floquet and transient states engineered by light. After that, we 
introduce three prominent experiments, inspired by theoretical predictions, on the light-induced 
topological Floquet electronic bands in quantum crystalline materials. Finally, we make a brief 
summary and perspective on the engineering of topological electronic states through light-matter 
interactions.   

1. Introduction 

Quantum materials can interact with external light fields to give rise to Floquet steady states and transient dynamical states, driven 
by time-periodic prolonged fields and time-aperiodic ultrashort fields, respectively. The transient states, evolving with time, exist in a 
flash [1–3]. While the Floquet states exist for a duration in time [4,5], whose persistent nature is intriguing for us to create and control 
new states of matter by light irradiation. Crystalline materials with the Floquet states can be depicted by time-independent Hamil
tonians, indicating the light-matter coupled systems are in steady states [6–10]. Owing to absorption and emission of photons, infinite 
replica electronic bands form in Floquet energy spectra of the steady states, where time periodicity endows the spectra with an 
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effective Brillion zone (BZ) in energy space, resembling the reciprocal BZ resulted from space periodicity of crystal structures. 
Importantly, the resultant Floquet-Bloch bands are not just photon-dressed replicas of equilibrium electronic bands; instead, the bands 
could be reshaped by coherent light-matter interactions. Thus, shining time-periodic light emerges as an effective approach for the 
flexible engineering of electronic properties of matter in the Floquet steady states. 

The band reshaping via time-periodic light illumination enables a great potential to control electronic topology in quantum ma
terials. In band structures, degeneracy of nodal points can be lifted and conventional energy gaps can be inverted to create Floquet 
topological insulators, resulted from light-induced effective spin–orbit coupling (SOC) [11–29]. As an intriguing phase of matter, the 
topological insulator exhibits insulating bulk and conducting helical edge states, which would give rise to the quantum spin Hall effect 
that is immune to perturbations. The Floquet insulating gaps with topology can also be induced from avoided crossings of photon- 
dressed replica bands due to energy level repulsion, rooted in the optical Stark effect [21–23,26–37]. With a similar mechanism, 
the Floquet insulators with Chern gaps and energy valleys have also been revealed to be controlled by time-periodic light [38–47]. The 
chiral edge state of Chern insulator, with a spin channel of topological insulator, supports quantum anomalous Hall effect. 

Furthermore, gapless quasiparticles from band crossings can be created, transformed, and destroyed in both the original and 
photon-dressed electronic bands of Floquet semimetals with Weyl, Dirac, nodal-line, and nodal-ring fermions [48–62]. The nodal 
points of a Weyl semimetal have two-fold band degeneracy, and a pair of the Weyl points with the opposite monopole charges can 
merge to form a Dirac semimetal with four-fold band degeneracy at nodal points. To characterize electronic band topology of these 
Floquet states, theories have been developed [63–77], in which some formulations, such as the Floquet Chern numbers calculated by 
integrating Berry curvature over the first Brillouin zone, and the Floquet winding numbers rooted in the time-evolution operator 
within a single driving period [63], are distinguished from that of the ground state. 

To realize Floquet band topology, ab-initio theoretical calculations have predicted novel properties in realistic light-matter coupled 
systems, where some of them have been confirmed in pump–probe experiments. Floquet topological and Chern insulators are proposed 
in graphene and FeSe with tunable SOC driven by circularly polarized light (CPL) [78,79], and Floquet valley polarization from the 
optical Stark effect is proposed in the driven transition-metal dichalcogenides (TMDs) [80,81]. Experimentally, massive Floquet-Dirac 
states have been observed by measuring time- and angle-resolved photoemission spectroscopy (tr-ARPES) for driven surface states of 
Bi2Se3 [82–84]. The anomalous Hall effect from the Floquet-Chern states was confirmed by electronic transport measurement in CPL- 
driven graphene [85]. In addition, the Floquet control of energy valleys in TMDs was shown by detecting optical absorption of 
electrons [86–89]. However, the gapless Floquet-Weyl and Floquet-Dirac semimetals, respectively predicted to exist in Na3Bi with 
light-broken time reversal symmetry [90] and in black phosphorus (BP) with optical Stark effects [91], are to be experimentally 
verified. These realistic light-matter coupled Floquet systems, from the ab-initio predictions and experimental observations, are less 
popular than enormous proposals from theoretical toy models, indicating ab-initio and experimental studies need to be further 
developed. Despite this fact, all these studies demonstrate that the electronic topology in quantum materials can be flexibly engineered 
by time-periodic Floquet light driving to achieve controlled topological states. 

In contrast to the Floquet steady states [4,5], irradiating a short time-aperiodic light pulse is a way to dynamically engineer 
transient nonequilibrium states of matter in a flash [1–3]. For examples, Weyl fermions can be transiently controlled with dynamical 
evolution behaviors [92,93], and photoinduced room-temperature superconductors can exist in several picoseconds to a few nano
seconds [94,95]. By extending light pulses to be long enough, time periodicity can be approximately reached to induce Floquet states, 
as in the pump–probe experiments for achieving both the topologically nontrivial states mentioned above and the topologically trivial 
states [96–98]. Hence, Floquet engineering may be a new window to stabilize transient states, such as the realization of light-induced 
persistent superconductivity [99]. 

Overall, light illumination is an effective way of controlling topological states in crystals, where the realistic predictions from 
theoretical studies drive materials engineering forward by laying down a foundation for experiments. Therefore, this article reviews 
our recent progresses in ab-initio theoretical predictions of light-induced topological states, focusing on the Floquet electronic states in 

Fig. 1. Research categories on light-induced nonequilibrium states. This review article focuses on ab-initio theoretical predictions of the Floquet 
topological electronic states in real crystalline materials. 
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crystalline materials (Fig. 1). The article is organized as follows: Section 2 shows the computational methodology for modeling realistic 
light-driven crystals; then, Section 3 presents the Floquet light engineering of Dirac fermions, energy valleys, and flat bands (FBs) in 
multiple layered quantum materials; next, Section 4 introduces the controlled transient Weyl fermions under time-nonperiodic light 
fields; afterwards, Section 5 shows three experiments on observing topological Floquet-Bloch states; and finally, Section 6 presents a 
short summary and perspective on the Floquet engineering of topological electronic states through light-matter interactions. 

2. Methodology 

In this section, we review theoretical formalisms and computational methods for simulating the electronic states in real crystalline 
solids driven by external light fields. 

2.1. Time-dependent Bloch Hamiltonian 

Crystalline solids can be described by the Bloch Hamiltonian H(k) with crystal momentum k. Under light irradiation, the 
Hamiltonian becomes time-dependent by Peierls substitution 

H(k)→H(k, t) = H(k + A(t)), (1)  

where the gauge-invariant vector potential A(t) with time t describes the applied light field. The electronic states in light-driven 
crystals are determined through the Schrödinger equation 

i
∂
∂t
|ψ(k, t)〉 = H(k, t)|ψ(k, t)〉. (2)  

Here, the time-dependent Hamiltonian H(k, t) treats quasiparticle interactions within crystals quantum mechanically and light fields 
classically, which is suitable for all the studies expounded in this review article. 

2.2. Time-independent Floquet-Bloch Hamiltonian 

For a time-periodic light field A(t) = A(t + T) with the period of T, the time-dependent Hamiltonian is also periodic in time, 
expressed as 

H(k, t) = H(k, t + T). (3)  

Due to the time periodicity, Floquet theorem can be applied to solve Eq. (2), where the time-dependent electronic wavefunction |
ψ(k, t)〉 is formulated as [6–10] 

⃒
⃒ψ(k, t)〉 =e− iε(k)t ⃒⃒Φ(k, t)〉with |Φ(k, t)〉 = |Φ(k, t + T)〉. (4)  

Expanded in discrete Fourier series, the time-periodic auxiliary function |Φ(k, t)〉 is 

|Φ(k, t)〉 =
∑

n
e− inωt|un(k)〉, (5)  

where ω = 2π/T is the light frequency, and n ∈ (− ∞, +∞) is an integer. As a result, the Equation (2) with time dependence is 
transformed into a time-independent equation 

∑

n
Hmn(k)|un(k)〉 = (ε(k) + mℏω)|um(k)〉, (6)  

where Hmn(k) = 1
T
∫ T

0 H(k, t)ei(m− n)ωtdt. In matrix form, the cascaded equation is written as 
⎡

⎢
⎢
⎢
⎢
⎣

⋱ ⋮ ⋮ ⋮ ⋰
⋯ H− 1,− 1(k) + ħω H− 1,0(k) H− 1,1(k) ⋯
⋯ H0,− 1(k) H0,0(k) H0,1(k) ⋯
⋯ H1,− 1(k) H1,0(k) H1,1(k) − ħω ⋯
⋰ ⋮ ⋮ ⋮ ⋱

⎤

⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎣

⋮⃒
⃒u− 1(k)〉⃒
⃒u0(k)〉⃒
⃒u1(k)〉

⋮

⎤

⎥
⎥
⎥
⎥
⎦
= ε(k)

⎡

⎢
⎢
⎢
⎢
⎣

⋮⃒
⃒u− 1(k)〉⃒
⃒u0(k)〉⃒
⃒u1(k)〉

⋮

⎤

⎥
⎥
⎥
⎥
⎦
, (7)  

where the time-independent square matrix with infinite dimensions is dubbed as Floquet-Bloch Hamiltonian HF(k). Its eigenvalue ε(k) 
and eigenvector |u(k)〉 are the energy and wavefunction of light-induced Floquet-Bloch electronic states, where the relation between ε 
and k is dubbed Floquet-Bloch band structure. 

As an attribute, time periodicity renders the Floquet bands with an effective BZ ranging from − ℏω/2 to +ℏω/2 in energy space. This 
shows that the ε(k) ± |n|ℏω would be an eigenvalue if ε(k) is an eigenvalue, where the dressed replica bands originate from virtual 
photon processes, i.e., absorption and then reemission of |n| photons and vice versa. Both the dressed (n ∕= 0) and original (n = 0) bands 
can interact with each other to give rise to band deformations, known as optical Stark effect. The effect is encoded into the 
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Hamiltonians of H(k, t) and HF(k) through the Peierls substitution expressed in Eq. (1) [100]. With increasing light intensity, the 
deformations of Floquet-Bloch bands (i.e., optical Stark effect) would become stronger to consecutively induce different phases of 
electronic states; meanwhile, the electron population of n ∕= 0 bands and originally occupied n = 0 bands would be raised and 
descended, respectively. The electron population of Floquet-Bloch bands can also be influenced by the intraband currents from light- 
induced electron scattering in a single cycle time scale [101], which is not considered in the theoretical simulation of tr-ARPES in 
Section 2.3. The BZ in energy space is analogous to the BZ in reciprocal k space resulted from space periodicity. 

When the time-periodic light driving is weak and off-resonant, Floquet-Bloch Hamiltonian can be approximated by a Magnus 
expansion in perturbation theory [10,102] 

HF(k) = H0,0(k) +
1

ℏω
[
H0,− 1(k),H0,1(k)

]
+ ⋯, (8)  

where the commutation terms represent virtual photon processes. Note, this formulation is not suitable for on-resonant and strongly- 
driven Floquet-Bloch systems. In contrast, with a large truncation order of square matrix, the Equation (7) can accurately describe all 
types of Floquet-Bloch systems. Overall, the nonequilibrium steady states in crystalline materials under time-periodic light fields can 
be depicted by time-independent Floquet-Bloch Hamiltonians. 

2.3. Floquet-Wannier scheme 

To quantitively simulate real light-matter coupled systems, ab-initio calculations based on density functional theory can be used 
[91]. As shown in Fig. 2, the ab-initio calculations for equilibrium materials are first carried out to get Bloch Hamiltonians HW(k) in the 
basis of Wannier functions, which can be conducted by using the Vienna Ab-initio Simulation Package (VASP) with a Wannier90 
interface [103,104]. Based on Eq. (1), the materials under light illumination are modelled by time-dependent Hamiltonians HW(k,t) =
HW(k + A(t)). The excited-state Hamiltonian HW(k, t) contains all the information on light-electron interactions and consequent 
phenomena, where all relevant physical observables, including that for virtual and real excited electronic states, can be computed for 
light-driven crystalline materials. Depending on light duration, two types of theoretical simulations are presented here for real ma
terials, including the simulation of Floquet-Bloch electronic bands and the simulation of tr-ARPES, driven by time-periodic and 
-nonperiodic (i.e., pulsed) light fields, respectively. 

Under time-periodic light driving, the Hamiltonian with time periodicity HW(k, t) = HW(k, t + T) is transformed into a time- 
independent Floquet Hamiltonian HW

F (k), which has two formulations expressed in Eqs. (7) and (8). As a dominant quantity, 
Floquet-Bloch band structure is acquired by calculating the eigenvalues and eigenfunctions of HW

F (k), from which light-driven elec
tronic topology can be characterized via band topology theory, e.g., calculating topological invariants, identifying surface or edge 
states, and determining transport properties. Beyond effective toy models, the Floquet-Wannier modeling scheme described here, 
combining density functional theory calculations with Floquet theorem, can predict the specific light-matter systems in the real world 
for creating and controlling Floquet steady states in nonequilibrium. 

In experiments, light fields are always pulses without perfect time periodicity, but Floquet-Bloch states can still be realized by using 
long-duration pulses, in which time periodicity is approximately reached. The specific experimental setups can be theoretically 

Fig. 2. Ab-initio theoretical methods for simulating light-driven Floquet-Bloch electronic states in quantum materials.  
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designed through simulating tr-ARPES, in which pump and probe pulses are to induce and detect Floquet states, respectively. With the 
Hamiltonian HW(k, t), tr-ARPES simulations are for realistic light-matter coupled systems. The photocurrent intensity I(k, ε, Δt) for the 
wave vector k, binding energy ε, and pump–probe delay time Δt is [23,105,106] 

Fig. 3. Floquet-Dirac fermions in the compressed BP driven by CPL. (a) Schematic illustration of light-irradiated BP (left panel) and Floquet band 
structure (right panel). (b–d) Type-I, type-III, and type-II Floquet-Dirac cones induced by the CPL A(t) = A0(cos(ωt), sin(ωt), 0) with photon energy 
ℏω = 0.5 eV, and amplitude A0 = 150 V/c, 263 V/c, 300 V/c, respectively. Gray dotted lines in left panels show equilibrium electronic structures. 
Yellow lines in right panels represent Fermi surfaces. Adapted from [91]. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 
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I(k, ε, Δt) = Im
∑

a

∫

dt1

∫

dt2s(t1,Δt)s(t2,Δt)eiω(t1 − t2) × G<
aa(k, ε, t1, t2), (9)  

where G<
aa(k, ε, t1, t2) represents diagonal terms of the lesser Green function matrix of light-driven crystals, and s is the envelope 

function of probe pulse. The Green function G<(k, ε, t1, t2) = U(k, t1,0)G<(k, ε,0, 0)U†(k, t2,0) is computed from the ground-state lesser 
Green function G<(k, ε,0, 0) and time evolution operator U(k, t, t′), based on the Hamiltonian HW(k) and HW(k, t), respectively. In 
realistic tr-ARPES experiments, electrons in Floquet states are excited to the states in vacuum, named by Volkov states, for mea
surement, where the two different types of light-induced states interact with each other to further change the energy levels of Floquet 
states [84,107,108]. This originates from the photon dressing induced by the probe pulse, which is similar to the photon processes for 
inducing Floquet states by the pump pulse. The influence of measurements on Floquet states is not considered in the simulation of tr- 
ARPES here. 

With the tr-ARPES simulation, light fields suitable for experiments would be quantitatively predicted, such as the duration and 
envelope of pump and probe pulses (e.g., full width at half maximum for Gaussian pulses), and the delay time between pump and probe 
pulses. Also, by changing delay time Δt, the dynamical processes of Floquet-Bloch electronic states can be tracked with time. In 
addition, the transient electronic states under short-duration light pulses can be modelled from the time-dependent Hamiltonian 
HW(k, t) in the basis of Wannier orbitals; currently, this can also be done by using the ab-initio software of Time-Dependent Ab-initio 
Package (TDAP) [109] and Octopus [110], which is based on time-dependent density functional theory. 

3. Engineering topological Floquet-Bloch states 

Based on the Floquet-Wannier modeling scheme, three types of light-driven Floquet-Bloch topological electronic structures, 
including the linear Dirac bands, the parabolic energy valleys, and the non-dispersive FBs, are presented below for multiple real 
materials. 

3.1. Floquet-Dirac fermions in black phosphorus 

As a layered semiconductor [Fig. 3(a)], BP has attracted tremendous interests due to its remarkable optical/electrical properties 
and resultant potential applications [111–118]. In particular, strain and electric fields can invert its direct band gap into Dirac cones 
and nodal rings for two-dimensional (2D) and three-dimensional (3D) BP, respectively [119–124]. As an effective method to control 
materials, the Floquet light illumination appears to be intriguing for changing the electronic band topology of nonequilibrium BP, 
where exotic physical states and phenomena in driven BP have been recently found from ab-initio theoretical simulations [91]. 

For the 3D BP material with a 3.72% compressive strain along armchair direction, its conduction and valence bands are inverted to 
form a type-I Dirac nodal ring around the Fermi energy. Driven by a CPL A(t) = A0(cos(ωt), sin(ωt), 0) propagating along stacking 
direction, the equilibrium nodal-ring band develops into two Dirac points, as exemplified in Fig. 3(b) for the time-periodic CPL with the 
photon energy ℏω = 0.5 eV and light amplitude A0 = 150 V/c (c is the velocity of light in vacuum). The light-induced Floquet-Dirac 
cones, with a point-shape Fermi surface, are thus classified to be type-I cones. Furthermore, the Floquet-Dirac fermions in driven BP 
can be controlled. As shown in Fig. 3(d), at the light field amplitude A0 = 300 V/c, the Dirac cones are strongly tilted to have electron 
and hole pockets simultaneously at the Fermi energy, thus the Floquet-Dirac cones represent type-II fermions. 

Between the type-I and type-II Floquet-Dirac cones, there is a critical state driven by the CPL with the amplitude A0 = 263 V/c, 
where the cones lying flat at the Fermi energy exhibit a line-shape Fermi surface [Fig. 3(c)]. This manifests the formation of a new type 
of Dirac state, dubbed type-III Floquet-Dirac fermion. Thus, by tuning light intensity, the tilting of Floquet-Dirac cones can be engi
neered, in which three types of Dirac fermions and their phase transitions are induced in the CPL-driven BP. Besides, the states and 
transitions can be induced and controlled through tuning other parameters of light, as demonstrated in [91]. In comparison, one band 
of the type-III cone has the Fermi velocity of zero along a specific k path, while the two bands of type-I (type-II) cones have nonzero 
Fermi velocities in the opposite (same) directions. Also, due to different Fermi surfaces of the Dirac cones, the density of states 
approaching the Fermi energy exhibit vanishing, increasing, and finite amplitudes for the type-I, type-II, and type-III cones, respec
tively. The distinctions of band dispersions endow the three types of Dirac cones with different intriguing phenomena, such as the 
unusual magnetoresponses of type-II cones [125–128]. Interestingly, the behaviors of type-III Dirac fermions are similar to that of 
particles at the event horizon of a gravitational black hole (BH), showing that the light-driven BP with type-I, type-II, and type-III Dirac 
fermions appears to be an excellent new platform to achieve the BH analogue in materials and its Hawking radiation [129]. 

Mechanisms behind the controlled Dirac states in BP are revealed through analyzing light-driven processes. As shown in the right 
panel of Fig. 3(a), when the CPL is irradiated on BP, electrons emit and absorb |n| photons to form the photon-dressed bands indexed 
with n = …, − 2, − 1, 1, 2, … (gray thin lines); and the original band is indexed with n = 0 (gray bold lines). At crossing points between 
the n = − 1 and n = 0 bands, the hybridization between the two bands lifts point degeneracy to form a gap following a linear evolution 
Δ ∝ A0, known as the optical Stark effect. With increasing CPL intensity, the band gap Δ becomes larger, which tilts Floquet-Dirac cones 
to introduce the transition from type-I to type-II via type-III fermions. 

3.2. Floquet-Dirac fermions in graphene 

Graphene is another well-known layered quantum material with a variety of electrical, optical, and mechanical properties 
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[130–132]. Massless Dirac fermions render graphene with a high carrier mobility, and the enhanced SOC in graphene would give rise 
to topological insulating states with gapped Dirac cones [133]. Shining CPL has been known to effectively engineer SOC in graphene to 
achieve controllable Dirac gaps [24–29], as in the first proposal of topological Floquet-Bloch bands. By illuminating other types of light 
fields and considering the whole bands in the reciprocal BZ, graphene may exhibit much richer light-induced Floquet electronic 
phenomena [134], beyond all previous toy-model studies on time-periodically driven graphene [24–29,52,53]. 

Irradiated by a light field with the linear polarization along armchair direction [Fig. 4(a)], the conduction and valence Dirac bands 
of graphene, around the k-point of M in BZ, shift down and up respectively, during which the two bands invert and cross with each 
other to form new Dirac points. This is exemplified by the induced type-I cones under the light field with the photon energy ℏω = 5.0 eV 
and amplitude A0 = 900 V/c [Fig. 4(b,c,d)]. Furthermore, when the light evolves to be with parameters of ℏω = 6.0 eV and A0 = 980 V/ 
c, the induced Dirac cones are strongly tilted to become type-II cones, with both electron and hole pockets at the Fermi surface [Fig. 4 
(e,f)]. As a result, the type-I and type-II Floquet-Dirac points, with a small energy difference ε1 − ε2 = 0.02 eV, coexist in the light- 

Fig. 4. Floquet-Dirac fermions in the graphene driven by linearly polarized light. (a) The field is polarized along armchair (x) direction. (b) The k- 
space location of original (blue) and light-induced (red) Dirac cones. (c,d) Type-I cones induced by the light with photon energy ℏω = 5.0 eV and 
amplitudes 900 V/c. Dashed gray lines represent the equilibrium bands of graphene. (e,f) Type-II cones induced by the light with photon energy ℏω 
= 6.0 eV and amplitude 980 V/c. (g,h) Tr-ARPES and edge-state spectrum for the coexisting state of type-I and type-II Dirac fermions in (e,f). 
Adapted from [134]. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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driven graphene. Nontrivial band topology is characterized by the edge states connecting type-I and type-II Dirac points for zigzag- 
terminated graphene nanoribbons [Fig. 4(h)]. 

Similar to that for the driven BP discussed in Section 3.1, optical Stark effects dominate the creation of both type-I and type-II Dirac 
points in graphene, where the downward (upward) shift of conduction (valence) Dirac band, around the k-point of M, originates from 
the repulsion between n = 0 and n = +1 (n = − 1) bands. As a platform with new electronic states, the light-driven graphene may be 
suitable for observing fascinating phenomena, such as the magnetic-field-induced Klein tunneling [135], the correlated electron-hole 
pairs from an analogous BH radiation [129], and the scattering between type-I and type-II Dirac quasiparticles via topological edge 
states. 

To identify experimental setups for the light-driven graphene, tr-ARPES is simulated by using the method in Section 2.3. As shown 
in Fig. 4(g), the pump pulse A(t) = A0p(t)(sin(ωt), 0, 0) has a trapezoidal envelope p(t) with the same frequency and amplitude as that 
for creating coexisting type-I and type-II fermions in Fig. 4(e,f), and the probe pulse A(t) = A0s(t)(sin(ωt), 0, 0) has a Gaussian envelop s 
(t) with its peak at the middle of plateau of pump pulse. The resultant tr-ARPES agrees with Floquet-Bloch bands, in which the strongest 
photocurrent intensity locates at type-I and type-II Dirac points [Fig. 4(g)]. This indicates that the pump pulse with a trapezoidal 
envelope is a good approximation to the time-periodic continuous light fields for creating Floquet-Bloch states. Thus, the realization 
and observation of the coexisting type-I and type-II Dirac state in light-driven graphene is feasible in tr-ARPES experiments, in which 
the required ultraviolet light fields can be obtained through second-order and high-order harmonic generation [136]. 

3.3. Hawking radiation from Floquet-Dirac fermions 

Dirac cones exhibit a similar shape to that of light cones in the relativity theory, where type-I, type-II, and type-III Dirac fermions 
are the analogues of particles outside, inside, and at event horizon of a Schwarzschild black hole (SBH) [137–140], as illustrated in 
Fig. 5(a,b). This manifests that a space-inhomogeneous system with the successively distributed type-II, type-III, and type-I fermions 
behaves like a SBH with analogous Hawking radiation, i.e., the electron emission from type-II to type-I region. Importantly, elec
trostatic interactions in solids are much stronger than gravitational forces, thus the BH analogue from topological Dirac states in 
crystals has a possibility to realize the BH radiation with strong intensity, characterized by an extremely high Hawking temperature TH. 
Combining first-principles and quantum tunneling calculations, an analogue of strong SBH radiation is proposed in a light-driven 
bilayer BP with controllable Floquet-Dirac fermions [129]. This analogue is beyond the weak Hawking radiation of gravitational 
BHs, e.g., TH ~ 10− 8 K for the BH with one solar mass, and all other artificial BHs, e.g., TH ~ 10− 9 K in Bose–Einstein condensates 
[141–158]. 

Dirac fermions in 2D lattices can be described by the effective Hamiltonian H(k) = cxkxσx + cykyσy + vkyσ0, where σ0 is identity 
matrix, σx and σy are Pauli matrixes, and cy and v determine the types of Dirac fermions: |cy| > |v| for type-I, |cy| = |v| for type-III, and | 

Fig. 5. Fermionic analogue of Hawking radiation in light-driven bilayer BP. (a,b) Schematic illustration of gravitational Hawking radiation, and its 
fermionic analogue with Dirac states in solid materials. (c,d) The theoretically designed space-inhomogeneous Floquet-Dirac states for the analogous 
Hawking radiation in a driven bilayer BP thin film. (c) The required distribution of light amplitude A0 along zigzag (y) direction of BP to realize the 
SBH with TH = 3 K. The field with linear polarization along armchair (x) direction has the photon energy ℏω = 0.03 eV. (d) The electron population 
n(ε) outside SBH at y > yh after the Hawking radiation with TH = 3 K in the designed setup of (c). The n0(ε) before Hawking radiation is shown by the 
gray dashed line. Adapted from [129]. 
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Fig. 6. Light-driven Floquet conversion of excitons in monolayer TMD materials. (a) Schematic illustration of the Floquet conversion between bright 
and dark excitons. (b) Illustration of light-engineered SOC gap around the CBM for the K valley of TMD materials. A0 represents the amplitude of 
light field. (c) Possible cases of valley-dependent and light-polarization-dependent excitons conversion. σ0, σ+, and σ− represent the light with 
linear, right-handed, and left-handed polarizations, respectively. (d) Evolution of the Floquet-Bloch bands of monolayer WS2 (with ΔSOC = − 29.4 
meV at K valley) driven by a linearly polarized light field with the photon energy ℏω = 1.9 eV. Gray level represents the weight of static (n = 0) 
component. Small arrows mark spin polarization of valley bands. Bottom panel shows the evolution of the two spin-opposite energy levels 
around CBM. 
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cy| < |v| for type-II cones, respectively. In the theory of general relativity, the Dirac Hamiltonian is represented by an effective metric 

ds2 = −

(

1 −
v2

c2
y

)

dt2 +
1
c2

x
dx2 +

1
c2

y
dy2 −

2v
c2

y
dtdy, (10)  

which has the same form as that of a gravitational SBH. It shows that Dirac fermions have an effective potential energy Φ(y) =
− 1

2
v2(y)
c2

y (y)
= − 1

2
yh
y with the required inverse proportion to distance y as that of gravitational potential, which gives rise to the distribution 

cy(y) = − v
̅̅̅̅
y
yh

√
. Hence, type-II fermions are inside SBH in the region of 0 < y < yh, type-III fermions are at event horizon y = yh, and 

type-I fermions are outside SBH in the region of y > yh [Fig. 5(a,b)]. 
Based on classical kinematic equations, type-II fermions can not escape from the SBH in the region of 0 < y < yh. However, with 

quantum effects, tunneling calculations demonstrate a probability of Dirac fermions going from the type-II region inside SBH to the 
type-I region outside SBH, which is an analogue of Hawking radiation of gravitational SBHs. The quantum tunneling has a Planck 
energy spectrum I(ε) = ne

rad(ε)⋅ε with the number of radiated electrons 

ne
rad(ε)∝

ε
exp
(

ε
kBTH

)
+ 1

, (11)  

where kB is the Boltzmann constant, and TH = 1
2πkB

⃒
⃒
⃒ d
dy
(
cy − v

) ⃒⃒
⃒
yh 

is the Hawking temperature. 

Dirac fermions for the analogous SBH can be achieved by irradiating light on a bilayer BP with Dirac cones [121]. Under a linearly 
polarized light field with the photon energy ℏω = 0.03 eV, the parameter v in the BP remains unchanged, while the parameter cy 
[eV⋅Å] = 0.314–0.013A0 [V/c] decreases with light amplitude A0, showing Dirac states in the driven BP evolve from the type-I cones 
with |cy| > |v| to the type-II cones with |cy| < |v| via the type-III cones with |cy| = |v|. Combining the relation cy ~ A0 and spatial 
distribution cy ~ y, the spatial distribution of light intensity would be designed to realize a space-inhomogeneous Dirac system for 
creating a SBH analogue and its Hawking radiation. As an example, to achieve TH = 3 K, the SBH size is set at yh = 30.2 Å. This requires 
that light amplitude decreases from 0.37 to 0 mV/Å (i.e., from A0 = 24.7 to 0 V/c) in a range of 260 Å in the y (zigzag) direction of BP 
[Fig. 5(c)]. The well-designed setup is readily accessible in experiments. First, the high-quality crystal of 2D BP, as a familiar material, 
can be routinely prepared by traditional experimental approaches [119,159]. Second, the required light field with maximum 
amplitude of 0.37 mV/Å, photon energy of 0.03 eV, and space gradient of 1.4 µV/Å2 is currently attainable in experiments 
[82,84,160]. 

With scanning tunneling spectroscopy or angle-resolved photoemission spectroscopy, the analogue of strong Hawking radiation 
would be experimentally distinguished by measuring the electron population n(ε) outside SBH, i.e., in the region of y > yh [Fig. 5(d)]. 
The n(ε) from the Hawking radiation, having Planck energy spectrum, differs from the thermally-excited Fermi-Dirac electron dis
tribution, thus the Hawking radiation analogue can still be identified for the sample held at nonzero temperature, even above TH. 
Following this proposal, other systems with controllable Dirac states have also been shown to form the analogous SBH, such as the 
electronic materials [161,162], and artificial photonic crystals [163]. 

3.4. Floquet valleys in TMD materials 

Layered TMD materials have energy valleys, consisting of valence band maximum (VBM) and conduction band minimum (CBM) of 
the direct band gaps at corners (K and K’ points) of reciprocal BZ [164,165]. This enables intriguing properties in spintronics and 
optoelectronics, e.g., valley excitons induced by optical pumping, and valley Hall states resulted from nonzero Berry curvature 
[166–169]. Moreover, these properties can be engineered by tunning the valley bands. Light driving has been shown to control the 
energy valleys in Floquet states, such as the polarized valleys from optical Stark effects [86], and the topological energy gaps from 
avoided crossings between photon-dressed replicas of valley bands [80]. Below, the Floquet conversion between bright and dark valley 
excitons, which are respectively bound from the two states with the same and opposite spin polarizations [169], is presented for TMD 
materials driven by time-periodic light fields. 

For monolayer TMDs, SOC splits the valley bands around CBM into spin-up and spin-down ones [170], such as ΔSOC = ε↓ − ε↑ >

0 (ΔSOC < 0) at K valley for MoX2 (WX2) with X  = S, Se. As a result, the excitons, bound from a hole at VBM and an electron at CBM, are 
bright for MoX2 (dark for WX2) due to the same (opposite) spin polarization at the VBM and CBM. With time-periodic light driving, the 
optical Stark interactions, between the valley bands around CBM and the dressed n = 1 VBM band, change the band gap ΔSOC, as if they 
were produced by an engineered effective SOC, thus giving rise to controlled valley excitons, as sketched in Fig. 6(a,b). Under the 
illumination of a linearly polarized light, valley bands at both K and K’ valleys would be shifted through the effectively engineered 
SOC. At K valley, the ΔSOC > 0 (ΔSOC < 0) for MoX2 (WX2) decreases (increases) with increasing light intensity, and it becomes negative 
(positive) after a critical light intensity; thus, the spin splitting gap ΔSOC is inverted to produce the CBM and VBM with the opposite 
(same) spin polarization, giving rise to the dark (bright) excitons bound from a CBM-electron and a VBM-hole. This similarly takes 
place at light-driven K’ valley with the conversion from bright (dark) to dark (bright) excitons for MoX2 (WX2). For instance, the VBM- 
CBM excitons at both the K and K’ valleys in equilibrium WS2 are dark [Fig. 6(d)]; driven by a linearly polarized light with the photon 
energy ℏω = 1.9 eV and amplitude A0 = 60 V/c, the spin-opposite valley bands around CBM are inverted, so the VBM and CBM after 
light driving have the same spin polarization to form bright excitons. 
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More interestingly, depending on light helicity, a CPL can selectively transform one valley, i.e., K or K’ valley, of TMDs from the 
bright (dark) to dark (bright) excitonic state, while the other valley keeps the excitonic state as that without Floquet light driving, as 
summarized in Fig. 6(c). This shows that both bright and dark excitons can exist or coexist in a TMD monolayer material via Floquet 
engineering, and the valley-dependent and light-polarization-dependent transition between the two types of excitons can be 
controlled. 

3.5. Floquet-Chern FBs in a Kagome material 

Different from Dirac and valley bands with dispersion, the FBs without dispersion possess special intriguing properties. Chern FBs 
in 2D lattices have been proposed to support the Landau-level-free fractional quantum Hall effect (FQHE) at a high temperature 
[171–174], in which the FB is required to have a large flatness ratio, i.e., band gap (Δ) vs. band width (w), Δ/w ≫ 1. However, all the 
Chern FBs found so far in real materials have a small ratio Δ/w ~ 1 [175–184], such as the Kagome FB in an organometallic material of 
Pt3C36S12H12 (HTT-Pt) [183–185]. To obtain the Chern FB with a large Δ/w in Kagome lattices, a peculiar negative kinetic hopping 
integral and strong SOC interactions are required, which is unlikely to be met in equilibrium materials due to the natural decay of 
lattice hopping integrals with the interatomic spacing. In contrast, Floquet-Chern FBs have been revealed in the CPL-driven Kagome 
material of HTT-Pt, with light-controlled electronic interactions, to achieve a large flatness ratio of Δ/w ≫ 1, and its resultant high- 
temperature FQHE [186]. 

As shown in Fig. 7(a,b), irradiated by a left-handed CPL A(t) = A0(cos(ωt), sin(ωt), 0) with ℏω = 8γ1
0 (γ1

0: the nearest-neighbor (NN) 
kinetic hopping integral for the ground state), the NN and second-nearest-neighbor (2NN) kinetic hopping integrals (γ1, γ2) and SOC 
strengths (λ1, λ2) for spin-up bands in monolayer HTT-Pt are modified. With the increasing light amplitude A0, the λ1 and λ2 increase, 
and γ2 decreases from a positive to a negative value, which is crucial to achieve a large flatness ratio Δ/w [171]. The light-engineered 
interactions produce an intriguing evolution of Floquet-Bloch band structures. Without light driving, the spin-up equilibrium bands 
possess a direct SOC gap Δ = 0.887γ1

0 separating the bottom Chern band with a topological number C = − 1 and the middle Dirac band 
with C = 0 [left panel of Fig. 7(c)]; and the bottom dispersive Chern band has a width w = 3.228γ1

0, exhibiting a quite small flatness 
ratio Δ/w = 0.27. With light driving, the CPL with amplitude A0 = 800 V/c reduces the band width of bottom Chern band to be w =
0.022γ1

0 [right panel of Fig. 7(c)], which is ~150 times narrower than its equilibrium value. Meanwhile, the bottom band well 

Fig. 7. Floquet-Chern FBs in a Kagome material driven by CPL. (a) Illustration of the light-driven monolayer Kagome crystal of HTT-Pt. (b) 
Evolution of λ1, λ2, and γ2 with light amplitude A0 for spin-up bands in HTT-Pt under the left-handed CPL with photon energy ℏω = 8γ1

0. γ1 and γ2 (λ1 
and λ2) represent the NN and 2NN kinetic (SOC) hopping integrals, respectively. (c) Left panel: Kagome bands of the monolayer HTT-Pt in the 
equilibrium state. Right panel: Floquet-Kagome bands induced by the CPL with A0 = 800 V/c in (b). (d) Top panel: Berry curvature Ω for the bottom 
dispersive Chern band with Δ/w ~ 0.27 in the left panel of (c). Bottom panel: Light-driven Ω of the bottom Chern FB with Δ/w ~ 29 in the right 
panel of (c). Dashed lines mark the first BZ. Adapted from [186]. 
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separates from other bands by a large SOC gap Δ = 0.650γ1
0. As a result, its flatness ratio increases to an unprecedented high value Δ/w 

~ 29, in accordance with the light-enabled negative γ2, and large λ1 and λ2. 
The light-driven modification of Berry curvature (Ω) of the bottom Chern band is analyzed to identify the essential features for 

realizing high-temperature FQHE. At equilibrium, the Ω of the bottom dispersive Chern band is highly localized at corners (K and K’ 
points) of the BZ [top panel of Fig. 7(d)], which is characterized by a large mean-square deviation of 〈(ΔΩ)

2
〉 = 7.2 × 10− 2 [187]. 

Distinctively, driven by the CPL with amplitude A0 = 800 V/c, Ω of the ultra-flat and isolated bottom Floquet-Chern band becomes 
delocalized in the whole BZ [bottom panel of Fig. 7(d)], characterized by 〈(ΔΩ)

2
〉 = 3.9 × 10− 3. The uniform distribution of Ω for the 

FB indicates a very short magnetic length [171], which favors the FQHE with a large-size many-body excitation gap, i.e., at a high 
temperature [188,189]. More accurately, with the theoretical approach of exact diagonalization, one-third FQHE has been demon
strated to exist in the CPL-driven HTT-Pt at the temperature above 70 K [186]. 

4. Engineering transient Weyl fermions in a TMD material 

Besides the Floquet steady states from time-periodic light driving, topological electronic states can also be dynamically induced and 

Fig. 8. Transient Weyl fermions from photoexcitation-induced interlayer displacements in the 3D orthorhombic WTe2 driven by short-duration 
Gaussian light pulses with the photon energy of 0.6 eV, FWHM of 10 fs, and intensity of 6.5 × 1010 W/cm2. (a) Electronic band structure of 
equilibrium WTe2. On the Weyl cones around W point, electronic states are contributed by W-5d and Te-5p orbitals. Red arrows represent two types 
of photoexcitation of electrons, induced by the light fields of LP-x and LP-y with the linear polarization along x and y directions, respectively. (b) 
Illustration of the interlayer displacements induced by LP-x (left panel) and LP-y (right panel) fields. (c) Time evolution of the k-space location of the 
Weyl points driven by LP-x (top panel) and LP-y (bottom panel) light pulses. Adapted from [92]. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.) 
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controlled by irradiating short light pulses without time periodicity, in which transient electronic states evolve with time [1–3]. To 
show the relation between transient and Floquet states, an example on dynamically controlling Weyl fermions is presented here [92]. 

Without inversion symmetry, the Weyl semimetal of orthorhombic WTe2 has four pairs of type-II Weyl nodal points at the plane of 
kz = 0 in the reciprocal BZ. As shown in Fig. 8(a), the electronic states around Weyl point are mainly contributed by W-5dyz,xz,z2 and Te- 
5px,y orbitals. As a result, the light field, labeled as LP-x (LP-y), with linear polarization along x (y) direction induces the electron 
excitation from occupied Te-5px and W-5dxz (W-5dz2) orbitals to empty W-5dz2 (W-5dyz) orbital for the states on the W-Γ (W-X) path. 
Due to strong electron–phonon couplings in the orthorhombic WTe2, the photoexcitation of electrons leads to structure modification. 
With the photoexcitation induced by the LP-x (LP-y) pulse, one layer moves toward − y (+y) direction, and the other layer moves 
toward +y (− y) direction [Fig. 8(b)], which diminishes (enlarges) the distance of the pair of Weyl points, as shown in Fig. 8(c). More 
importantly, the interlayer displacements can become large enough to merge two Weyl points with the opposite (same) topological 

Fig. 9. Experimental observations of light-induced Floquet electronic states. (a,b) Tr-ARPES of Floquet-Dirac states on the surface of light-driven 
Bi2Se3. (a) Evolution of Dirac states with the envelope of a long-duration pump pulse. (b) Floquet-Dirac states under the linearly (left panel) and 
circularly (right panel) polarized pump pulses without delay time to probe pulses. (c,d) Transport measurement of Floquet anomalous Hall effect in 
CPL-illuminated graphene. Hall conductance was observed with changing the Fermi energy of driven graphene [right panel of (d)]. Floquet-Dirac 
bands are simulated with the same light frequency and amplitude to that in experiments [left panel of (d)]. (e,f) Optical absorption of Floquet energy 
valleys in the WS2 driven by a CPL with the photon energy just below band gap. The change (Δα) of absorption spectrum is measured for K and K’ 
valleys under a left-handed (σ− ) CPL [upper panels of (f)]. In sketched Floquet-Bloch bands [lower panels of (f)], magnetic quantum numbers of 
energy valleys are marked. Adapted from [82–86,221]. 
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charges, shown by the transient state at the time of 300 fs (600 fs). Therefore, the position of Weyl nodal points can be dynamically 
controlled by illuminating ultrashort light pulses, where the more flexible control of Weyl fermions in the WTe2 can be found in [92]. 

This theoretical work was done through using the ab-initio software of TDAP [109]. The illumination of short-duration pulses 
dynamically engineer transient topological states through light-matter interactions, which does not depend on the required time 
periodicity of light driving for Floquet engineering. On the other hand, with long-enough-duration light pulses, time periodicity could 
be approximately reached to create Floquet steady states, where the Floquet states evolve with the envelope of pulses. 

5. Experiments on Floquet-Bloch electronic states 

So far, various experiments have already demonstrated the light-induced Floquet electronic states with nontrivial band topology, 
where time periodicity is reached by irradiating long-duration light pulses. As examples, three types of experiments on the Floquet 
states, which are inspired by theoretical predictions, are presented in this Section, including the measurement of tr-ARPES, electronic 
transport, and optical absorption for the light-driven crystals of Bi2Se3, graphene, and WS2, respectively [82–86]. 

Through measuring the tr-ARPES for light-driven Dirac surface states of Bi2Se3, the first observation of topological Floquet states 
was achieved [82,83], in which pump and probe light pulses induce and detect Floquet electronic bands, respectively. As shown in 
Fig. 9(a), the light-induced Floquet-Dirac bands evolve with the envelope of a pump pulse. Both the original Dirac bands (indexed by n 
= 0), and the photon-dressed Dirac bands (indexed by n ∕= 0) were observed. In particular, illuminated by a circularly (linearly) 
polarized pump pulse, the n = 0 Dirac cone and its dressed n =±1 replicas become gapped (keep gapless); meanwhile, the crossings of 
n = 0 and n = ±1 Dirac bands give rise to new gapped (gapless) Dirac cones, as shown in Fig. 9(b). Furthermore, another tr-ARPES 
experiment, also for the light-driven Bi2Se3, not only observed Floquet states, but also demonstrated electron scatterings between 
the light-driven Floquet and Volkov states [84,107,108]. Similarly, the rich Floquet topological bands from theoretical predictions, 
presented for real materials in Section 3, are very likely to be experimentally confirmed through tr-ARPES measurements. 

Anomalous Hall effect from the gapped Floquet-Dirac cones has been shown by measuring the electronic transport in CPL-driven 
graphene [Fig. 9(c)], which is the first experimental study on transport properties of light-induced Floquet electronic states [85]. As 
shown in Fig. 9(d), under a CPL with the photon energy 0.19 eV and light intensity 0.23 mJ/cm− 2, anomalous Hall conductance 
plateaus emerge at both the Dirac gap Δ0 of n = 0 bands and the band gaps Δ1 from avoided crossings of n = 0 and dressed n =±1 Dirac 
bands. The conductance plateau at Δ0 has a width of 60 meV, agreeing with the corresponding gap of 69 meV in simulated Floquet- 
Dirac bands. This measurement directly confirmed the photovoltaic Hall effect in light-driven graphene as proposed in a milestone 
paper [27]. Another theoretical paper, using first-principles calculations, explained this experiment in detail, showing that the light- 
induced Hall current is contributed by both the anomalous topological velocity from Berry curvature and the imbalance of electron 
population of Floquet-Dirac bands [78]. One can thus expect that the high-temperature Floquet FQHE in a Kagome material, discussed 
in Section 3.5, can be observed by the similar type of transport measurement in experiments. 

As illustrated in Fig. 9(e), by detecting optical absorption of electrons in the TMD material of monolayer WS2, light-controlled 
Floquet energy valleys were experimentally demonstrated [86]. Driven by a CPL with left helicity (σ− ), the absorption spectrum α 
of WS2 changes as the Δα = αdriven – αoriginal in Fig. 9(f). For K valley, Δα is positive (and negative) at the energy higher (and lower) than 
the original absorption peak at 2.0 eV, showing that absorption peak is shifted to a higher energy. This corresponds to the upward shift 
of CBM and downward shift of VBM for a larger band gap, as illustrated in Fig. 9(f). In detail, the VBM with a magnetic quantum 
number m = − 1/2 absorbs a photon to form the dressed n = 1 VBM with m = − 3/2; the CBM has the same m = − 3/2 to that of the n = 1 
VBM, thus they are repulsive with each other due to optical Stark effects, giving rise to the upward-shifted CBM. Similarly, band 
repulsion between the VBM and n = − 1 CBM with the same m = − 1/2 leads to the downward-shifted VBM. In contrast, for driven K’ 
valley, the CBM and n = 1 VBM, also the VBM and n = − 1 CBM, have different values of m, so there is no optical Stark effect, i.e., no 
band repulsion, which was experimentally demonstrated by the observed Δα ~ 0. To induce optical Stark effects at K’ valley, the CPL 
with right helicity (σ+) should be applied to produce the same m of the CBM and n = 1 VBM, also of the VBM and n = − 1 CBM. 
Moreover, another experiment on optical absorption, also for the Floquet valleys of light-driven WS2, demonstrated the shifted energy 
valleys that are originated from Bloch-Siegert effects [88]. With the techniques of transient optical absorption of electrons, the pre
dicted Floquet conversion of bright and dark valley excitons in TMDs, shown in Section 3.4, can also be confirmed by experiments. 

In these experiments, the flexible controllability of the topological Floquet states in real crystalline materials signifies a great 
potential of employing the Floquet-Bloch electronic states to fabricate topological devices. However, in comparison with the already- 
enormous theoretical proposals, more experiments on the topological Floquet electronic states are expected and desired, which has 
been laid down in various realistic light-matter coupled systems as predicted by ab-initio computational studies 
[79–81,90,91,129,134,186], such as that presented in Section 3. 

In addition, the Floquet-Bloch states with trivial band topology have been experimentally demonstrated in pump–probe setups, 
such as the light-driven surface and bulk electronic states of metallic copper and semiconducting BP, respectively. With measurements 
of time-resolved multiphoton photoemission spectroscopy for Cu(111) surface, the optically-shifted Shockley and image potential 
bands, and their photon-dressed replica bands are observed, where the effective mass of the surface electronic bands is modified by 
time-periodic light illumination [96,97]. With tr-ARPES measurements for 3D BP, a strong band renormalization is discovered near the 
band edges of energy gaps, which requires the pump light field with the linear polarization along armchair direction, named by 
pseudospin-selective Floquet engineering [98]. Therefore, Floquet light driving can flexibly engineer both the topologically nontrivial 
and trivial electronic states, and thus give rise to various intriguing controllable physical phenomena. 
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6. Summary and perspective 

In summary, this work mainly reviews our recent progresses in ab-initio predictions of the topological Floquet electronic states in 
real crystals under time-periodic light fields. With a Floquet-Wannier modeling scheme, a series of the light-controlled steady elec
tronic structures were discovered, which include the Floquet-Dirac fermions in graphene and BP, the Floquet bright and dark valley 
excitons in monolayer TMDs, and the Floquet-Chern FBs in a Kagome material. Importantly, these theoretical predictions not only 
identified the intriguing Floquet states, but also provided the realistic light-material coupled systems for their realization. Comple
mentary to these achievements, the transient Weyl fermions, driven by time-aperiodic ultrashort light pulses, are also presented. In 
addition, with measuring the tr-ARPES, electronic transport, and optical absorption of Floquet electronic states, three prominent 
experiments are introduced, showing that the light-induced topological Floquet states can be now realized in current experimental 
settings. All these studies demonstrate that light illumination is an effective way to engineer topological electronic states in quantum 
materials. 

Besides single-particle states, time-periodic light irradiation can also control many-particle electronic states with strong Coulomb 
interactions. Through effective toy models, the Floquet magnetization [190,191], Floquet-Mott insulators [192–194], Floquet- 
Luttinger liquids [195,196], and Floquet states at metal surfaces [107,197,198] have been theoretically proposed. However, there 
is very few ab-initio predictions of the realistic quantum materials for the novel correlated Floquet electronic states, which stems from 
the heaviness and inadequate accuracy of the relevant calculations at present. As a new method, the Floquet-Wannier modeling 
scheme, presented in Section 2.3, can be combined with many-body approaches, e.g., the dynamical mean field theory and the in
fluence matrix method [199–217], to model correlated Floquet states in realistic materials, which is practicable with small compu
tational costs. As a result, by revealing realistic systems for many-particle Floquet states, the current first-principles predictions, only 
for single-particle Floquet electronic states, will be extended. 

Also rooted in light-matter interactions, other two approaches, dubbed cavity and Poincaré engineering, have emerged to control 
quantum properties of matter. In comparison with Floquet engineering, the cavity engineering has the similar theoretical formulations 
but completely different physical origins [218–225], where the materials in dark cavities are modified through coupling to virtual 
photon modes from vacuum fluctuation in quantum electrodynamics. The coupling is tunable by changing cavity configurations, in 
which strong coupling from enhanced quantum fluctuation, in the cavities with a high quality factor, can be achieved to alter materials 
properties dramatically, such as the accelerated molecular reactivity [226], controlled magneto-transport of electrons [227], driven 
exciton polaritons [228], and modulated electron–phonon couplings [229]. Importantly, beyond Floquet materials, the quantum 
materials in dark cavities, which can be engineered by changing virtual cavity modes, are in the ground state with neither electron 
excitation nor lattice heating. Thus, the cavity materials engineering, with the similar advantages as Floquet engineering while without 
their corresponding disadvantages, should be an excellent way to control the ground-state electronic states for achieving the new and 
ideal topological states with perfect quantization, which will be comprehensively explored in the near future. Besides, inputting real 
photons in cavities is intriguing to, quantum electrodynamically, engineer nonequilibrium electronic states in materials [221,230]. 

In contrast with space-homogeneous fields in Floquet engineering, the Poincaré materials engineering employs space- 
inhomogeneous structured fields with non-uniform profiles of light polarization [231]. With the Stokes parameters of polarization 
to encompass regions of Poincaré sphere, the symmetries and interactions of quantum materials would be modified by the textured 
vectorial light fields. The light-matter interactions, different from that for space-uniform fields, can expand the optical Floquet control 
of fundamental materials properties, such as topological electronic states. As a new and controllable degree of freedom, the spatial 
profile of light polarization may be combined with tunable time profile, e.g., Floquet time periodicity, of light fields for more intriguing 
physical phenomena in nonequilibrium states. The structured fields can be currently realizable by using the plasmon polaritons on 
metal surfaces or interfaces [232], and by shaping the light fields in optical cavities [225]. 

As an example, plasmonic vortex is a structured light field with antiparallel electric (E) and magnetic (H) fields at vortex core, 
which can bring about various applications [231,233–235]. First, by breaking time-reversal symmetry, a vortex core with the pseu
doscalar E•H focus can induce a dynamical axion field in illuminated materials, which renders the flexible control of topological 
magnetoelectric effect in nanometer scale. Second, with a time-periodic evolution of plasmonic vortex, the Poincaré engineering can 
be combined with Floquet engineering for creating exotic phenomena, such as the manipulation of axion quasiparticles in condensed 
matter. Third, plasmonic vortex can be applied on quantum materials to control magnetic states via inverse Faraday effect, such as the 
ultrafast demagnetization or magnetization, which would expand the scope of magnetism control currently by conventional un
structured light fields [236]. Hence, the Poincaré engineering should be a good way to extend the current Floquet engineering for more 
controllable quantum states of matter. Overall, engineering quantum materials via light-matter interactions is a promising research 
area with attractive physical phenomena, and their resultant potential applications yet to come in next few years. 
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