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The quantum metric manifested as the Riemannian metric in the parameter space of Bloch bands, char-

acterizes the topology and geometry of quantum states. The second harmonic generation (SHG), as one of

the fundamental nonlinear optical responses that links geometry of optical transitions to physical observables,

despite being widely studied in various materials, its relation to quantum metric, especially in the dynamical

regime, stays obscure. Here, we investigate the SHG within the Keldysh formalism and resolve the contributions

from quantum metric. Using a Haldane model, we simulate the dynamic photocurrent, revealing a significant

enhancement of SHG in the transparent region, i.e., for below-gap photon energies. Further, we show that such

enhancement originates from the non-Hermitian nature of its complex band structure and quantum tunneling

near the exceptional points. Such low-energy-photon SHG signals are highly sensitive to the topological phase

transition, quantifying the quantum volume effect. Our work elucidates the physical origin of quantum metric

contributed SHG and its relation with topology, providing an alternative route to probe the ultrafast topological

phase transition in magnetic insulators.

DOI: 10.1088/0256-307X/42/4/047302 CSTR: 32039.14.0256-307X.42.4.047302

Nonlinear optical response (NLOR), particularly sec-

ond harmonic generation (SHG), is a fundamental and uni-

versal nonlinear optical phenomenon in quantum materi-

als, where geometric quantities are embedded. [1–15] The

geometry of Bloch wavefunction is characterized by the

quantum geometric tensor (QGT), [16–23] with the real part

being the quantum metric (QM), [24–43] also referred to

as Riemannian metric of Bloch states, and the imaginary

part corresponds to the Berry curvature (BC). [29,30,44] The

geometrical description of NLOR can also be extended

to include many-body interaction. [45,46] Typically, per-

turbative methods, including both semiconductor Bloch

equations [4,5,47–49] and the diagrammatic techniques [50,51]

have been employed to analytically derive the SHG sus-

ceptibility, providing profound insights into the SHG sig-

nal and its relation to the geometric properties from

both theoretical [32,52,53] and experimental [54–56] perspec-

tive. However, little attention has been paid to the dy-

namics of SHG. For instance, when the photon energy is

high enough to excite an electron from valence bands (VB)

to conduction bands (CB) via absorption of photons, [29]

the SHG dynamics is naturally related to the shift vector

(SV), i.e., the position change of Wannier center during

photoexcitation. In the transparent region, typical two-

photon resonant absorption is not met but the in-gap opti-

cal rectification could still exist. [57–60] The comprehensive

study of such excitation processes, such as their distinctive

symmetry and dynamics, especially the effects of quantum

metric, remains elusive.

In this Letter, we employ the Keldysh formalism [61–66]

to simulate SHG dynamics, which goes beyond the lin-

ear response description. In order to quantitatively il-

lustrate the role of quantum metric, we present a rig-

orous investigation on the SHG dynamics using a Hal-

dane model. [67,68] The SHG is computed from the pho-

tocurrent in the time domain by numerically solving the

time-dependent Schrödinger equation (TDSE). More im-

portantly, we distinguish contributions from the QGT and

the SV via the evolution of SHG patterns upon tuning

photon energy. We further reveal a significant quantum-

metric enhanced SHG for below-gap photons due to the

non-Hermitian nature of SHG dynamics. In light of these

results, we discuss the possibility of utilizing SHG as a

probe for ultrafast topological phase transitions. Our work

highlights a previously overlooked dynamical perspective

of SHG and its correspondence to non-Hermitian dynamics

under laser illumination, [69–71] offering new understand-

ings of NLOR of quantum materials.

Decomposition of SHG Dynamics. We start from

a time-dependent Hamiltonian with a light field in the

length gauge in the following form (atomic unit is adopted

throughout the text unless specified otherwise):

�̂�(𝑡) = �̂�0 − 𝑟 ·𝐸(𝑡), (1)

where �̂�0 is the unperturbed Hamiltonian, 𝑟 the posi-
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tion operator, and 𝐸(𝑡) is the electrical component of

the light field. The corresponding vector potential is

𝐴(𝑡) = −
∫︀ 𝑡

−∞ d𝑡′𝐸(𝑡′). [72,73] The quasi-momentum is now

𝐾 = 𝑘 − 𝐴(𝑡), and the associated Brillouin zone is re-

ferred to as the shifted Brillouin zone (SBZ) and denoted

as BZ = BZ−𝐴(𝑡). The time evolution is modeled using

the two level density matrix equations.

In practice, the SHG signal can be derived from the

expectation value of the current density operator 𝐽𝑘 =

−𝑣𝑘 = −∇𝑘�̂�𝑘, with �̂�𝑘 = ei𝑘·𝑟�̂�0e
−i𝑘·𝑟 and 𝑣𝑘 is the

velocity operator in the reciprocal space. Mathematically,

SHG computed in this way has incorporated both 𝑗D and

𝑗OD currents, which emerge from the diagonal (D) and

off-diagonal (OD) elements of 𝐽𝑘 respectively. The cur-

rent 𝑗OD can be further decomposed to SV term 𝑗SV and

QGT term 𝑗QGT from distinct physical origins (see Sup-

plementary Material (SM) [74] for detailed derivation). We

will discuss these three components below to provide the

basis for this article.

The current 𝑗D can be expressed as follows:

𝑗𝜇D(𝑡) = −
∑︁

𝑚=1,2

∫︁
𝐾

𝑣𝜇𝑚𝑚(𝐾𝑡)𝑛𝑚(𝐾, 𝑡), (2)

from which we can further transform the current into

the frequency domain via 𝑗(𝜔) =
∫︀
𝑗(𝑡)e−i𝜔𝑡d𝑡. Here∫︀

𝐾
≡ 1

(2𝜋)3

∫︀
BZ

d𝐾 denotes the integration over SBZ. Note

that here we have substituted the integration variable from

𝑘 to 𝐾 and have used notation 𝐾𝜏 = 𝐾 +𝐴(𝜏) for short

with 𝐾𝑡 ≡ 𝑘. 𝜇 denotes the Cartesian coordinate of pho-

tocurrent, while 𝑚 = 1, 2 is the band index of CB and

VB respectively. 𝑣𝜇𝑚𝑚 is the diagonal element of velocity

operator, which is also the group velocity of band 𝑚 and

𝑛𝑚 is the occupation of each band, which is also the diag-

onal element of density matrix. The off-diagonal element

is denoted as 𝜋(𝐾, 𝑡). Given that the total number of

electron is fixed, current in Eq. (2) is related to the carrier

density 𝑛𝑚 and group velocity difference 𝛥 = 𝑣11 − 𝑣22

between the CB and the VB, as illustrated in Fig. 1(a).

As the current induced by carrier movement is negligi-

ble in our numerical calculations (evidenced by Fig. S1 in

Supplementary Material), we exclude this component from

subsequent analyses.

The current 𝑗OD(𝜔) has the following form assuming

the low excitation condition:

𝑗𝜇OD(𝜔) = −
∫︁ ∞

−∞
d𝑡

∫︁
𝐾

𝑣𝜇12(𝐾𝑡)𝜋(𝐾, 𝑡)ei𝑆(𝐾, 𝑡)−i𝜔𝑡 + c.c.

= i

∫︁ ∞

−∞
d𝑡

∫︁
𝐾

𝑣𝜇12(𝐾𝑡)

∫︁ 𝑡

−∞
d𝑡′𝐸(𝑡′) · 𝑑*(𝐾𝑡′)

× ei𝑆(𝐾, 𝑡, 𝑡′)−i𝜔𝑡 + c.c.. (3)

Here 𝑑(𝑘) ≡ 𝑟12(𝑘) is the off-diagonal matrix element of

position operator 𝑟. The phase term 𝑆(𝐾, 𝑡, 𝑡′) which de-

scribes the creation and annihilation of an electron-hole

pair is

𝑆(𝐾, 𝑡, 𝑡′) =

∫︁ 𝑡

𝑡′
(𝜀g(𝐾𝑡′′)−𝐸(𝑡′′) · 𝑟g(𝐾𝑡′′)) d𝑡

′′, (4)

where 𝜀g = 𝜀1−𝜀2 is the energy difference and 𝑟g = 𝑟1−𝑟2

is the position difference of CB and VB.

To obtain the explicit origins of SHG dynamics, we

utilize the covariant derivative 𝒟 = −i𝑟 [50,75] to expand

Eq. (3). After expansion, we get the photocurrent with

second harmonic processes that can be decomposed into

the SV term and the QGT term,

𝑗𝜇SV(𝜔) = i

∫︁ ∞

−∞
d𝑡

∫︁ 𝑡

−∞
d𝑡′

∫︁
𝐾

i𝜀g(𝐾𝑡)

× {[𝐴(𝑡) ·𝒟𝑑𝜇(𝐾)][𝐸(𝑡′) · 𝑑*(𝐾𝑡′)]

+ 𝑑𝜇(𝐾𝑡)𝐴(𝑡′)𝐸(𝑡′) : 𝒟𝑑*(𝐾)}

× ei𝑆(𝐾, 𝑡, 𝑡′)−i𝜔𝑡 + c.c.. (5)

Here we use double dot product to simplify the formula and

the SV contribution emerges from the covariant derivative

over the dipole operator 𝒟𝛼𝑑𝜇 = −i𝑑𝜇𝑅
𝜇, 𝛼
12

[50] with 𝑅𝜇, 𝛼
12

being the shift vector, illustrated in Fig. 1(b). On the other

hand, the QGT contribution, depicted in Fig. 1(c), can be

obtained from the cross product with the following form:

𝑗𝜇QGT(𝜔) = i

∫︁ ∞

−∞
d𝑡

∫︁ 𝑡

−∞
d𝑡′

∫︁
𝐾

i𝐴(𝑡) ·𝛥(𝐾)

× 𝑑𝜇(𝐾𝑡)[𝐸(𝑡′) · 𝑑*(𝐾𝑡′)]e
i𝑆(𝐾, 𝑡, 𝑡′)−i𝜔𝑡+c.c..

(6)

Physical origin

Velocity

Real space shift
Quantum

geometric tensor
Velocity differenceLight

Group velocity Anomalous velocity

Transition induced
polarization

Field-induced

Photocurrent

Excited carrier density Cross product of dipole

(a)

(b)

vnn

vmm
Rk ≈ rnn-rmm

ab, gab

Fig. 1. Illustration of SHG mechanism. Despite the contribution from the group velocity of excited carriers, SHG

contains two fundamental geometric contributions - the shift vector (SV) emerging from the connection term and

quantum geometric tensor (QGT) manifesting metric term within the manifold of Bloch electrons. We note that the

SV contribution arises from direct excitation when twice the photon energy exceeds the gap. The QGT contribution

is non-zero only when time-reversal symmetry is broken.
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We note that the QGT-contributed SHG susceptibility is

an excitation effect corresponding to the anomalous veloc-

ity of the wave packet. [6,44] Such separation is also valid in

the perturbation formulation, [49,50] but the decomposition

of general SHG susceptibility requires careful treatment

of the time-reversal symmetry since the QGT term only

exists in the time-reversal symmetry breaking systems.

SHG Pattern of a Haldane Model. We now employ

a standard Haldane model to investigate the SHG signal

from real-time calculation. Specifically, we solve the TDSE

with Hamiltonian in velocity gauge

�̂� ′(𝑡) = �̂�0[𝑘 −𝐴(𝑡)], (7)

which is equivalent to Eq. (1) in length gauge [52,76,77] (see

computational details in SM [74] Section S2).

The Haldane Hamiltonian reads

𝐻0(𝑘) = 𝐵0,𝑘𝜎0 +𝐵𝑘 · 𝜎, (8)

where we simplify the electron hopping as a pseudomag-

netic field with 𝐵0,𝑘 = 2𝑡2 cos𝜑
∑︀

𝑖 cos(𝑘 · 𝑏𝑖) and 𝐵𝑘 =

(𝐵1,𝑘, 𝐵2,𝑘, 𝐵3,𝑘) with

𝐵1,𝑘 = 𝑡1
∑︁
𝑖

cos(𝑘 · 𝑎𝑖), 𝐵2,𝑘 = 𝑡1
∑︁
𝑖

sin(𝑘 · 𝑎𝑖),

𝐵3,𝑘 = 𝑀 + 2𝑡2 sin𝜑
∑︁
𝑖

sin(𝑘 · 𝑏𝑖). (9)

Here 𝑎𝑖 are the lattice vectors of nearest-neighbor (NN)

hopping and 𝑏1 = 𝑎2 −𝑎3, 𝑏2 = 𝑎3 −𝑎1 and 𝑏3 = 𝑎1 −𝑎2

are the lattice vectors of next-to-nearest-neighbor (NNN)

hopping in honeycomb lattice, 𝑡1 and 𝑡2e
i𝜑 are the corre-

sponding NN and NNN hopping and 𝑀 is the mass term

[Fig. 2(a)]. For |𝑀 | < |3
√
3𝑡2 sin𝜑|, the system is topolog-

ically nontrivial. We emphasize that the electron accumu-

lated phase 𝜑 ̸= 0 through NNN hopping will dramatically

affect the SHG, which we will come back to later.

As seen in Fig. 2(b), there is a noticeable change in the

SHG pattern with decreasing photon energy due to inter-

play between SV and QGT contributions. Such interplay

is indicated by the phase factor ei𝛼 [Fig. 2(c)]. The mag-

netic 2D point group of Haldane model is 3𝑚′1, including

a three-fold rotation operation 𝒞3𝑧, and a combined opera-

tion ℳ𝑦𝒯 (ℳ𝑦 is mirror operation that reverses the 𝑦 axis

and 𝒯 is time-reversal operation). Constrained by symme-

try of Haldane model, [7,78] the BC term in the QGT com-

ponent of SHG vanishes and the QM term survives, which

is also remarkably enhanced in the transparent region with

low photon energy 𝜔L.

Here we present the details of resolving the QGT com-

ponent in SHG. Since the QGT term in Eq. (6) is weighted

with group velocity difference 𝛥(𝐾), it can be decom-

posed into 𝒯 -odd component from quantum metric 𝑔𝛼𝛽

and 𝒯 -even component from Berry curvature ℱ𝛼𝛽 . For

the 𝒯 -even component, we consider only the point group

symmetry operations 𝒞3𝑧 and ℳ𝑦, which yields nonzero

SHG susceptibility:

𝜒𝑥𝑥𝑥 = −𝜒𝑥𝑦𝑦 = −𝜒𝑦𝑥𝑦 = −𝜒𝑦𝑦𝑥 = 𝜒even. (10)

SHG Shift vector Weighted
quantum metric

A B

Decreasing photon energy wL

SHG susceptibility

(a)

(b)

(c)

Laser
(photon energy wL)

y

x

+M -M

t1

t2eif

a1

a3

a2

wL ≫ eg wL ≪ egwL ∼ eg

∼10-5 a.u. ∼10-1 a.u.

2

eia

-even -odd

Fig. 2. SHG pattern of a Haldane model. (a) Illustration of

the Haldane model for a honeycomb lattice. (b) The simu-

lated SHG pattern with decreasing photon energy in Haldane

model with parameters 𝜑 = 𝜋/6, 𝑡1 = −1, 𝑡2 = 0.15 and

𝑀 = 0.2 in atomic unit. Such evolution of symmetry high-

lights an obvious change of underlying physical mechanism,

accompanied by great enhancement of SHG at low-photon-

energy regime. (c) The physical origin of SHG in Haldane

model is decomposed to the time-reversal operation 𝒯 -even

shift vector (SV), and the 𝒯 -odd weighted quantum metric

(real part of QGT) parts.

For the 𝒯 -odd part, operation 𝒯 will introduce an addi-

tional minus sign. Thus the effective operation for ℳ𝑦𝒯
becomes ℳ𝑦𝒫. Such distinct symmetry results in SHG

susceptibility differing from Eq. (10) which reads

𝜒𝑦𝑥𝑥 = −𝜒𝑦𝑦𝑦 = 𝜒𝑥𝑥𝑦 = 𝜒𝑥𝑦𝑥 = 𝜒odd. (11)

It is worth noting that since SV is time-reversal invariant,

the nonzero SHG susceptibility of SV term also has the

form given in Eq. (10).

For a generic two-dimensional magnetic insulator, its

symmetry is manifested through the magnetic point group

(MPG). Given that type-III MPG contains anti-symmetry

versions of half of the symmetry operations, such opera-

tions constrain various components of QGT, thereby re-

vealing distinct geometric quantities. Due to the antisym-

metric property of BC, the nonzero SHG components from

BC only exist for MPG 𝑚′. The QM term, on the other

hand, exists for𝑚′, 𝑚′𝑚2′, 3𝑚′1, 31𝑚′, 6′, and 6′𝑚𝑚′ (see

the full table of nonzero components of SHG susceptibility

in SM [74] Section S4).

Metric Enhanced SHG via Non-Hermitian Nature. To

further explore the key ingredient of SHG, especially the

SHG contributed by QGT in the transparent region, we

utilize saddle point analysis to Eqs. (5) and (6). For

monochromatic light fields 𝐸(𝑡) = 𝐸0e
i𝜔L𝑡 + c.c. with

photon energy 𝜔L, the dynamics are governed by sad-
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dle point conditions (SPCs) of the semiclassical action

𝒮 displayed in final expression with form of phase factor

exp(i𝒮). [79] The QGT component is associated with action

𝒮 = 𝑆(𝐾, 𝑡, 𝑡′)− (𝜔 − 𝜔L)𝑡− 𝜔L𝑡
′. The SPCs are

𝒟𝑆 = Δ𝑟 −Δ𝑅 = 0, (12a)

d𝑆

d𝑡′
= 𝜀g(𝐾𝑡′) = 𝜔L, (12b)

d𝑆

d𝑡
= 𝜀g(𝐾𝑡) = 𝜔 − 𝜔L. (12c)

Here we ignore the dipole energy of the electron–hole pair

(see SM [74] Section S1 for further details and SPCs of SV

terms). Moreover, Δ𝑅 = 𝑅𝜇
12(𝐾𝑡) −𝑅𝜇

12(𝐾𝑡′) is the dif-

ference of SV and Δ𝑟 ≈
∫︀ 𝑡

𝑡′ d𝑡
′′𝛥(𝐾𝑡′′).

As for photon energy 𝜔L ≥ 𝜀g, one of the SPCs in

Eq. (12b) corresponds to the direct excitation of electron

with the absorption of a photon 𝜀g(𝐾𝑡′) = 𝜔L at time

𝑡′. The other SPCs in Eq. (12c) correspond to the absorp-

tion of another photon with energy 𝜔L and the subsequent

emission of a photon with energy 𝜔 = 2𝜔L at time 𝑡. In the

transparent region with 𝜔L < 𝜀g, the SPCs in Eqs. (12b)

and (12c) have no real solution. Therefore, it is necessary

to extend this analysis to the complex time plane, where

the transparent region dynamics can naturally manifest as

quantum tunneling. The complex solutions also elucidate

the direct contribution of SHG from the edge states. [80]

We note that one can introduce relaxation time 𝜏 and re-

place 𝜔L → 𝜔L+i/𝜏 in SPCs to account for the relaxation

effect. For our purpose, under the condition of frequencies

above the width of the Drude peak 𝜔L𝜏 ≫ 1, the relax-

ation effect of QM contributed SHG is negligible. In the

absence of the assumption 𝜔L𝜏 ≫ 1, the relaxation effect

would suppress the QM contributed SHG intensity.

Following Refs. [81,82], the Hermitian band structure

of our Haldane model displays finite gap [Fig. 3(a)], while

the complex band structure reveals gap closing points

marked with arrows as plotted in Fig. 3(b). The color rep-

resents Re [𝜀g(𝑘)] and the dashed line depicts the real axis

with 𝑘 = (Re 𝑘, 0). Near 𝐾 and 𝐾′ points, the massive

Dirac model 𝐻D = 𝑘𝜎𝑥+𝑀eff𝜎𝑧 with complex 𝑘 can serve

as an effective model, with eigenvalues 𝜀± = ±
√︀

𝑘2 +𝑀2
eff .

The detailed complex band structure of 𝐻D is shown in

Fig. 3(c). Within 𝑀eff ̸= 0, the energy spectrum shows an

explicit gap with solid purple line. When the complexation

is applied to 𝑘, 𝐻D becomes non-Hermitian, where the gap

closes at 𝑘0 = i𝑀eff , i.e., the exceptional point (EP) of the

non-Hermitian system.

For low-photon-energy excitation in the transparent

region, solutions of SPCs concentrate near EPs, greatly

enhancing the QGT contribution. For a two-band system,

QGT scales as 1/𝜀2g, transforming to 1/𝜔2
L upon insert-

ing the solutions of SPCs. This demonstrates the QGT

term, i.e., QM term in Haldane model is enhanced by low-

ering the photon energy in the transparent region. Con-

versely, the SV vanishes for degenerate states (See SM [74]

Section S1 for detailed analysis).
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Fig. 3. Non-Hermitian nature and dynamical behavior of

SHG in the transparent region. (a) The Hermitian band

structure of Haldane model with parameters 𝜑 = 𝜋/6, 𝑡1 =

−1, 𝑡2 = 0.15 and 𝑀 = 0.2 along the high-symmetry path

𝛤𝐾𝑀𝐾′𝛤 . (b) The energy gap when replacing 𝑘 with the

complex variable. The dashed white line represents Im 𝑘 ≡ 0

and the vertical axis shows the imaginary part Im 𝑘. The col-

ormap represents the real part of energy gap Re [𝜀g] and the

gap closing points are marked with arrows. (c) The complex

band structure of the massive Dirac model. In the left panel,

the solid lines represent Re 𝜀± and the dashed lines represent

Im 𝜀±. The right panel displays the full complex spectrum

of 𝜀+.

SHG During Topological Transition. We further inves-

tigate the SHG feature along the topological phase transi-

tion. For a Chern insulator, the quantum volume vol𝑔 is

defined as [18]

vol𝑔 =

∫︁
𝑘

√︀
det(𝑔𝛼𝛽) =

∫︁
𝑘

√︁
𝑔𝑥𝑥𝑔𝑦𝑦 − 𝑔2𝑥𝑦 ≥ 𝜋|𝒞|, (13)

which is the integral of quantum metric 𝑔𝛼𝛽 and gives

a good estimate of the topology usually given by the

Chern number 𝒞. Consequently, the magnitude of QM-

contributed SHG susceptibility 𝜒QM could be estimated

through the following relation after separating the group

velocity difference 𝛥 and the QM in the integral (see de-

tails in SM [74] Section S5),

|𝜒QM| ∼ vol𝑔 ·
∫︁
𝑘

|𝛥| ≥ 𝜋|𝒞|
∫︁
𝑘

|𝛥|. (14)

For an arbitrarily given Haldane model, the time-

dependent photocurrent and the corresponding SHG in-

tensity are shown in Fig. 4(a). By varying the photon en-

ergy and the phase factor 𝜑 that determines the topology

of Haldane model, we obtain the SHG spectral response

within the full two-dimensional parameter space, shown

in Fig. 4(b). In this analysis, we use averaged band gap

047302-4
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Fig. 4. (a) The time-dependent alternating photocurrent

(AC) and the corresponding SHG intensity from Fourier

transformation. (b) The SHG spectrum with different pho-

ton energy 𝜔 and phase factor 𝜑. (c) The SHG spectrum at

photon energy 𝜔L/𝜀g,0 = 1/4 and the corresponding Chern

number with dependence on 𝜑, highlighting a phase transi-

tion behavior.

𝜀g,0 = 2𝑀 as the reference scale for characterizing photon

energy 𝜔L. A typical representation in the transparent

region with photon energy 𝜔L/𝜀g,0 = 1/4 is further visual-

ized in Fig. 4(c). The topological phase transition occurs

at 𝜑0 = arcsin (𝑀/3
√
3𝑡2), where a great enhancement for

the SHG intensity can be clearly seen, indicating SHG as

a unique probe for topological phase transitions. We note

that such topological enhancement persists with high pho-

ton energy, when the shift vector’s contribution exhibits

comparable magnitude to the quantum metric.

Summary. We present a comprehensive investigation

of SHG dynamics and resolve the three components of

SHG in the Keldysh formulation, with particular high-

lights on the quantum geometric tensor contribution. Us-

ing the Haldane model, we compute the dynamical pho-

tocurrent and SHG, and observe the quantum metric en-

hanced signal in the transparent region. Furthermore, we

uncover the connection between the SHG response and

non-Hermitian physics, offering new insights into the non-

Hermitian nature of SHG. The antiferromagnetic mono-

layer MnPSe3 (6′𝑚𝑚′) [83] and gate-tunable Chern insu-

lators in moiré systems, [84] both exhibiting the required

symmetry, serve as promising platforms for exploring the

quantum metric effects and topology-enhanced SHG de-

tected by mid-infrared light. [85] Recently, there has also

been loss-enhanced magneto-optical effect reported. [86]

The SHG susceptibility shows a direct connection to

the Chern number through quantum volume, establish-

ing a link between topological invariants and the NLOR.

While our method focuses on the underlying physics and

neglects the multiband geometric quantities, the poten-

tial contribution arising from other bands requires further

study. Our results advance our understanding of topology-

enhanced light–matter interactions and suggest SHG as a

promising probe for topological phase transitions and ge-

ometry in quantum materials.
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