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Phonon thermal transport in a class of graphene
allotropes from first principles†

Xiuxian Yang,a Zhenhong Dai, *a Yinchang Zhao a and Sheng Meng *bc

Utilizing first principle calculations combined with the phonon Boltzman transport equation (PBTE), we

systematically investigate the phonon thermal transport properties of a, b and g graphyne, a class of

graphene allotropes. Strikingly, at room temperature, a low lattice thermal conductivity kL of 21.11, 22.3,

and 106.24 W m�1 K�1 is obtained in a, b and g graphyne, respectively, which are much lower than that

of graphene. We observe contributions from the phonon modes below the specified frequency and find

that many optical phonon modes play critical roles in the phonon thermal transport. These optic modes

participate in thermal transport, enhancing the phonon scattering process, thus leading to the low kL value.

Our results provide insights into the thermal transport of graphyne, and forecast its potential applications

for thermoelectric and thermal barrier coatings.

I. Introduction

As a result of the discovery of graphene,1–3 2D materials have
attracted an explosion of interest. Graphene is a 2D single-layer
of carbon atoms arranged in the honeycomb lattice structure,1

and it is reported that graphene-based nanosheets were pre-
pared via chemical reduction of exfoliated graphite oxide.4

Through experimental observation and theoretical calculation,
it can be found that graphene exhibits many unusual properties,5,6

such as quantum spin Hall effects,7 suppression of weak
localization,8 enhanced Coulomb interactions,5 and deviation
from the adiabatic Born–Oppenheimer approximation.9 These
unusual properties are inseparable from the massless Dirac
fermions in graphene,10 and suggest that graphene is a promis-
ing electronic circuit material.11 Because of the Dirac cone and
pseudospin coming from the structural symmetry of graphene,
other 2D carbon allotrope materials with similar symmetry may
have similar properties. Graphyne is an interesting candidate
wherein the atomic structure is obtained by inserting carbon
triple bonds (–CRC–) in graphene while maintaining the 2D
hexagonal symmetry, and this new material contains three
kinds of structures, namely, a, b and g graphyne.12–14 Recently,
some members of the graphyne family have successfully
been generated in the form of large films on substrates,15–20

which greatly enhanced the research enthusiasm of people for
layer graphyne.

Some prior studies discussed the lattice thermal conductivity
kL

14, 21, 22 and thermoelectric properties23–27 of the graphyne
family. However, they did not study the intrinsic phonon
scattering effects in detail, for example, phonon anharmonic
scattering. The kL value of a single layer graphene is about
3000–5000 W m�1 K�1, and this has been measured through
experiments and calculated in theory,28–30 yet this is much larger
than that of a, b and g graphyne. Therefore, we use the phonon
Boltzmann transport equation (PBTE) and first-principle calcula-
tions to calculate the kL value of these materials. In order to
show the accuracy of our results, we also calculated the kL value of
graphene with the same technical method and compared it with
the other results, which was found to be 2962.77 W m�1 K�1 and
fairly consistent with the experimental value of 3000 W m�1 K�1

at 300 K. Graphene with structural defects (haeckelites) has a
significantly decreased kL value (250–500 W m�1 K�1 at 300 K)
compared to no-defect graphene.31 However, it is still larger
than graphyne. At the same time, we provide the factors that
can determine the kL value, such as phonon spectrum, phonon
velocities, the relaxation time and weight phase space etc. Finally,
we obtain the results that the kL values of a, b and g graphyne are
21.11, 22.3, and 106.24 W m�1 K�1 at room temperature,
respectively, which are much lower than that of graphene. We
observe the contribution from all phonon modes below the
specified frequency, and find that many optical modes play
critical roles in the phonon thermal transport.

In this paper, we provided quantitative, physical insights
into the harmonic and anharmonic properties that can deter-
mine the kL of the a, b and g graphyne, and offer more basic
understanding of the lattice thermal transport. The paper is
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organized as follows. In Section II, we briefly discuss the
employed theoretical methods and calculation parameters. We
present the results of thermal conductivity and further discuss
the factors related to the basic thermal properties in Section III,
and we provide a summary of our work in Section IV.

II. Methodology

Due to the perfect planar structures of a, b and g graphyne, we
are only interested in phonon–phonon scattering. We used a
rigorous method without adjustable parameters to calculate
lattice thermal conductivity kL and it is effective over a large
temperature range of about 200–1000 K. For solving the PBTE,
we used the iterative solution (ITS) method, combined with the
harmonic (second-order) and anharmonic (third-order) intera-
tomic force constants (IFCs) obtained from the first-principles
density functional perturbation theory (DFPT).32 The kL values
of the a, b and g graphyne are isotropic, thus, they can be given
by33–35

kaaL ¼
1

NV

X

l

@fl
@T

�holð Þnalnalt; (1)

where V is the unit cell volume, N is the number of quasi-
continuous q points uniformly sampled in the first Brillouin
zone (BZ), T is absolute temperature, and fl is the distribution
function, which depends on the phonon frequency ol, and l
denotes a phonon mode. At the same time, h� is the reduced
Planck constant, and nal and t are the phonon group velocity
of mode l along the a direction and phonon relaxation time,
respectively. When the scattering source is a three-phonon process,
it satisfies the conservation of energy and momentum.36

Our calculations were performed by the Vienna ab-initio
simulation package (VASP)37 to obtain the optimized structures
for these materials. The effect of electronic and ionic convergence
criteria on the optimized structures was investigated by using
two group parameters, which are 10�10 eV and �10�8 eV Å�1,
as well as 10�8 eV and �10�6 eV Å�1 for these materials,
respectively. The structure parameters were found to be nearly

identical for both cases, ensuring good convergence for the
electronic and ionic relaxation process in the situation of using
10�8 eV and �10�6 eV Å�1 as convergence criteria. The harmonic
inter-atomic force constants (IFCs) were obtained by VASP com-
bined with the PHONOPY program38 using the finite-difference
approach within 4 � 4 � 1 supercells and 3 � 3 � 1 k-points for
the a, b and g graphyne, respectively. The anharmonic IFCs were
obtained by VASP combined with the thirdorder.py script33 using
the same supercells and G-point-only calculations. For the
anharmonic IFCs, the interactions were considered to be the
third-nearest neighbours of unit cell atoms. The DFT calculations
employed the projector augmented wave potential (PAW)37 to
model the ion cores, and a plane-wave basis set with the cutoff
energy of 520 eV and the exchange–correlation functional of the
generalized gradient approximation (GGA) of the Perdew–Burke–
Ernzerhof (PBE)39 to simulate the valence electrons. The harmonic
and anharmonic IFCs are input parameters of the SHENGBTE33

package, which was employed to solve the PBTE. To acquire
accurate results, the effect of the q-grid on the kL value was
investigated by using the q-grids of 15 � 15 � 1 and 40 � 40 � 1
(recommended by ref. 24). The kL value was found to be nearly
identical for both cases, ensuring well converged kL values for
the 15 � 15 � 1 q-grid. In all calculations, we use the fully
relaxed optimized lattice structure parameters so that the results
can be ensured convergence.

III. Results and discussion

Fig. 1 shows the crystal structures (a–c) and band structures (d–f)
of the a, b and g graphyne, respectively, which are consistent
with ref. 12. The black parallelogram in Fig. 1(a–c) represents the
primitive cell of a, b and g graphyne with 8, 18, and 12 atoms,
respectively. The atomic structures are obtained by inserting
carbon triple bonds (–CRC–) in graphene, while maintaining
the 2D hexagonal symmetry.12 The a and b graphyne has a Dirac
cone as with graphene, while g graphyne has a direct band
gap of about 0.471 eV. We use the harmonic IFCs to calculate
the phonon dispersion spectra of these materials in the

Fig. 1 Crystal structures (a–c) and band structures (d–f) of a, b and g graphyne, respectively.
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first Brillouin zone (BZ), and the results are acquired within the
linear response framework by adopting DFT as implemented
in VASP. The calculated phonon dispersion relations are shown
in Fig. 2.

The phonon dispersion spectra of a, b and g graphyne along
the high symmetry point (G–M–K–G) in the first BZ are shown in
Fig. 2(a–c), respectively. There are 24, 54, and 36 phonon modes
in the primitive cell of these materials, thus it is not necessary
to distinguish each phonon mode. Three acoustic modes arise
from the G point, which are the out-of plane mode (ZA), the
transverse mode (TA), and the longitudinal mode (LA). For each
system, the softest vibration phonon mode is the ZA mode.
We can see clearly that these graphynes have no imaginary
frequencies, which suggests the thermal stability of these
systems. Additionally, around the high symmetry point, the
phonon dispersion of many branches is almost linear due to
hexagonal structural symmetry. The hexagonal or trigonal crystal
symmetry can induce similar characteristics observed in
some 2D structures. For instance, nitrogenated holey graphene,

metal adatoms decorated silicene, defect-patterned graphene
nanomeshes, etc.40–44

Because of the large excitation energy, low group velocities
and phonon occupation of optical modes, the effects of optical
modes are usually neglected when calculating the kL.45 However,
in some materials, such as LiMg2, the optical modes provide
important scattering channels for the acoustic modes, which
drastically reduces the kL value.46 Especially in our studied
systems, the frequencies of optical modes are comparable with
the acoustic modes, and they must be taken into account. The
calculated kL values of these materials are depicted in Fig. 3(a–c).
We represent the kL value for ITS calculations by the red solid
lines. In our calculation process, the temperature range is
from 200 K to 1000 K, and the temperature interval is 50 K.
The kL values of a, b and g graphyne are 21.11, 22.3, and
106.24 W m�1 K�1 at room temperature, respectively. The kL

value is re-scaled by the factor c/h, where c is the lattice constant
along the perpendicular direction (vacuum layer) and h is the
thickness of graphyne. Here, c is fixed to be 15 Å and we assume

Fig. 2 Phonon dispersion spectra along the high symmetry point in the first Brillouin zone (BZ) of a, b and g graphyne, respectively.

Fig. 3 (a–c) Red curves describe the total kL of a, b and g graphyne as a function of temperature ranging from 200 K to 1000 K, which are obtained by
using the iterative method. The solid origin, blue, green and violet curves show the contributions to the total kL from the ZA, TA, LA and optic modes,
respectively. (d) Accumulative thermal conductivity kaccum scaled by the total kL for each system (a, b and g graphyne) as a function of frequency. The
inset picture in (d) shows kaccum of a, b and g graphyne nanowires along the [100] direction as a function of phonon MFP at room temperature.
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h to be 0.34 nm (same as that of graphene).21,47 Except for g
graphyne, the kL values of a and b graphyne are smaller than
that of monolayer MoS2 (34.54 W m�1 K�1),48 black phosphorene
(78 W m�1 K�1)49 and silicene (26 W m�1 K�1).50 At high
temperature, the kL values of these materials are considerably
low. This is reasonable since at high temperature, more phonons
are active, and the Umklapp scattering process will become more
critical in the phonon–phonon scattering process and reduce the
whole kL. In addition, we study the contributions of three acoustic
phonon modes, kZA (origin cure), kTA (blue cure), and kLA (green
cure) and the total optic modes koptic (violet cure) to kL, as shown
in Fig. 3(a–c).

For g graphyne, the ZA mode contributes the most to the
total kL compared with the TA, LA and optic modes, which is
similar to graphene, while for a and b graphyne, optic modes
contribute the most to kL. For example, at 300 K, in g graphyne,
kZA contributes almost 51.2% to kL, while kTA and kLA con-
tribute 17.3% and 7.3%, respectively, hence other contributions
(24.2%) are from the optic modes, as shown in Fig. 3(c), which
indicates that the ZA mode contributes the most to kL and
acoustic modes dominate the heat transport. For b graphyne,
kZA, kTA, and kLA contribute 32.8%, 16.4%, and 4.6% to kL,
respectively, thus other contributions (46.2%) are from the optic
modes. This is because except for the similar phonon spectrum
and selection rule of g graphyne and b graphyne with graphene,
they also have many more optical modes and a smaller Brillouin
zone, and the optical modes contribute much more to heat
transport. However, for a graphyne, kTA, kZA and kLA make
contributions of about 17.3%, 12.8% and 10.1% to kL, respec-
tively, hence the contribution from the optic modes is almost
59.8%. This is due to the fact that a graphyne has more optical
modes and slightly different acoustic modes compared to gra-
phene. As a result, for these materials, the contributions of the
optic modes are not negligible, indicating that the optic modes
play a critical role in the heat transport, which has a large
divergence compared to graphene. For instance, in graphene,
the ZA mode has a larger thermal conductivity (about 75% of
total kL) due to the anomalously large density of states of the ZA
mode and a symmetry-based selection rule.51–53 And, the three
acoustic modes are far more significant in comparison with the
total contribution of the optical modes, which does not exceed
10% of the total kL, as shown in Fig. 2 of ref. 53. To explain the
divergence of the heat transport contribution of each phonon
mode between graphene and graphyne, firstly, we consider the
effect of the symmetry-based selection rule and density of states
of the ZA mode for these materials on the heat transport. We
find that graphene and graphyne have similar symmetry-based
selection rules. Moreover, the ZA modes of a, b and g graphyne
exhibit a parabolic curve trend at the G point, which also leads to
a large density of states of ZA modes. Therefore, the symmetry-
based selection rule and density of states of ZA modes cannot
explain this divergence. Secondly, the larger unit cells in a, b and
g graphyne than that of graphene lead to a smaller BZ, which
enhances the Umklapp (U) scattering process and results in a
smaller total kL. However, in graphene, about 60% of both
Normal (N) and U three-phonon scattering phase space of ZA

phonons is forbidden due to the symmetry-based selection rule.
Thirdly, in graphyne, the ZA mode has a smaller frequency
(below 11.41, 14.70 and 14.0 for a, b and g graphyne, respec-
tively) than that of graphene (the frequency of the ZA mode is
below 100 rad ps�1, as shown in Fig. 1 in ref. 51), hence leading
to smaller phonon group velocities. From eqn (1), we can find
that the kL p o and p u, thus the kL of the ZA mode is smaller
than that of graphene. Finally, the graphyne phonons with
frequency below 100 rad ps�1 have many comparative flat optic
modes, which have more contributions to the total kL due to a
large phonon density of states. However, graphene phonons with
frequency below 100 rad ps�1 have no optic modes, thus the
contribution of optic modes can be ignored.

In order to gain more insights into the kL of these materials,
the accumulative thermal conductivity kaccum was calculated. For
clarity, the kaccum values scaled by the total kL for each system as
a function of frequency at 300 K are shown in Fig. 3(d). The
kaccum/kL value gives the summed contribution from all modes
below the specified frequency. For these materials, phonons with
frequency below B100 rad ps�1 transport more than 90% of
the heat, thus we restrict our subsequent discussions to the
0–100 rad ps�1 window. From the phonon spectrum in Fig. 2,
there are many optic modes in this frequency range. Therefore,
these optic modes participate in the phonon scattering and
provide more scattering channels. The inset picture describes
the contribution from the phonon with the allowed phonon maxi-
mum mean-free path (MFP). Also, the kaccum value is normalized
to kL. It can be seen that the kaccum value keeps increasing as the
MFP increases, until reaching the thermodynamic limit, which
represents the heat carriers for the longest phonon MFP, and
shows values of 105.0, 150.0, and 2979.02 nm for a, b and
g graphyne, respectively. Nanostructures with characteristic
length smaller than 10 nm can reduce the total kL by 42.0%,
29.5%, and 5.8% for a, b and g graphyne.

According to eqn (1), the phonon group velocities (Vg),
@fl
@T

�holð Þ and phonon relaxation times (t) are key features in

determining kL. For these materials,
@fl
@T

�holð Þ approaches the

Boltzmann’s constant kB. Therefore,
@fl
@T

�holð Þ does not influence

k. Fig. 4(a) gives the group velocities versus frequency for a, b and g
graphyne within the first BZ, distinguished by the red, blue, and
green stars, respectively. Due to 24, 54 and 36 phonon modes in
the primitive cell for these materials, respectively, distinguishing
each phonon mode is difficult. It can be seen that the group
velocities of g graphyne are larger than other materials, and for the
a, b graphyne, the group velocities are almost the same, which is
consistent with kL. Also, the phonon relaxation time is a main
factor in the increase of k in g graphyne. The phonon relaxation
times consist of both isotopic relaxation times (IRTs) and anhar-
monic relaxation times (ARTs). The isotopic relaxation times (not
shown) are much bigger than the anharmonic relaxation times for
these materials, which indicates the negligible influence of iso-
topic effect on the calculations of kL. Thus, the ARTs are respon-
sible for kL and depicted in Fig. 4(b) at 300 K. According to
Matthiessen’s rule, the total scattering rate 1/t of phonons can
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be calculated by the isotopic scattering and anharmonic scattering
via the relation 1/t = 1/tiso + 1/tanh. The ARTs of g graphyne are
larger than other materials, resulting in a smaller scattering rate
and thus large kL. The ARTs of a, b graphyne are almost the same,
which explains the similar kL. Utilizing the phonon group velo-
cities combined with the ARTs, we reveal the intrinsic phonon
thermal transport mechanism.

IV. Conclusion

In conclusion, we employed the phonon Boltzmann transport
equation (PBTE) theory combined with first-principle calcula-
tions to calculate the thermal conductivity kL of a, b and g
graphyne, a class of graphene allotropes, which have a Dirac
point (a and b graphyne) and a band gap (g graphyne). Fairly
low kL values (21.11, 22.3, and 106.24 W m�1 K�1) are discov-
ered in these materials. We reveal the intrinsic phonon thermal
transport mechanism via the phonon group velocities and
relaxation times. The low kL values of a and b graphyne result
from lower group velocities and a stronger anharmonic scatter-
ing process compared to that of g graphyne. In our analysis,
lower frequency optic modes participate in the phonon scatter-
ing, providing more scattering channels, thus reducing the kL

value compared to graphene. In addition, the size dependence
of lattice thermal transport was investigated, which reveals that
the kL value can be regulated by the nano device length. In this
paper, we emphasized the important role of the harmonic and
anharmonic properties in determining heat transport and expect
that our work can encourage theoretical and experimental
researchers to further investigate graphyne.
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